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NUMERICAL MODELLING OF LATERAL STRESS ON INTEGRAL ABUTMENTS DUE 
TO CYCLIC LOADING 
by James R. Banks 
 
The integral bridge concept eliminates problems associated with expansion joints and 
bearings used on conventional bridges. However, integral structures are not free from 
problems, and of particular concern is the magnitude of lateral soil stress which acts on 
the abutments. The cyclic nature of abutment displacement, caused by thermal loading 
of the deck, results in increased lateral soil stress from the granular backfill.  
Previous experiments investigated the fundamental behaviour of a granular soil 
element under integral bridge loading. No existing constitutive soil model replicated this 
behaviour, and therefore a soil model has been developed based upon this data. It was 
designed to account for the changes in secant stiffness and vertical strain due to the 
density and rolling/sliding behaviour of soil particles at the active state, found to be 
important in the previous research.  
The model was implemented into a finite difference method program, and initially 
validated  by  modelling  the  experimental  triaxial  tests.  Subsequent  modelling  of 
centrifuge tests of bridge abutments, carried out by independent researchers, allowed the 
soil model to be validated at system level.  
After validation and testing, the model was considered suitable for predicting the 
lateral stress profile acting on integral bridge abutments and used in a parametric study. 
This highlighted that the value of wall friction coefficient is particularly significant in 
the system behaviour.  
The centrifuge test is an idealised system where only rotation/flexure is possible, 
so a spread base abutment was modelled to investigate the predicted stress profile for an 
in-service bridge. These were shown to be significantly different to those prescribed by 
BA42/96, both in shape and magnitude. Additionally, modelling daily cycles results in a 
different profile to yearly cycles.  
This research has shown that the soil model developed can provide good estimates 
of lateral soil stress. This can be used to further investigate soil loads acting on integral 
bridge abutments with the aim of improving the design of such structures.   ii 
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A    Coefficient 
B    Coefficient 
C    Coefficient 
D    Coefficient 
DR    Relative density 
DR (crit)   Critical value of relative density for radial strain change 
D10     Particle diameter at which 10% of the soil by weight is finer 
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EBT
Max
d  Maximum value of EBT for day d  
EBT
Max
m  Maximum value of EBT for the end of month m  
EBT
Max
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K*     BA42/96 soil stress coefficient 
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md     Gradient of density change (dilation)  
mγ1    Pre-critical change in hardening parameter 
mγ2    Post-critical change in hardening parameter 
p’atm    Atmospheric pressure 
p’o    Initial average pressure 
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R
2     Fraction of raw variation 
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X    Coefficient 
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z    Depth below the surface 
 
α     Coefficient of thermal expansion of the structural material  
α1     Coefficient 
α2     Coefficient 
∆     Maximum and minimum wall displacement from mean position 
∆L    Change of length of the structure 
∆T     Change in EBT 
∆q    Change in deviator stress   xxiv
∆zmin     Smallest width of an adjoining zone in the normal direction for interface 
∆εa    Total change in axial strain component 
∆εr    Total change in radial strain component 
∆εv    Total change in volumetric strain component 
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∆εyy     Strain change in the yy-plane 
∆εzz     Strain change in the zz-plane 
∆εxy    Change in shear strain 
∆εxz    Change in shear strain 
∆εyz    Change in shear strain 
∆σa    Axial stress change 
∆σr    Radial stress change 
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∆σxy     Change in shear stress 
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δ∆εa    Step change in axial strain component 
δ∆εr    Step change in radial strain component 
δ∆εxx     Step strain change in the xx-plane 
δ∆εyy     Step strain change in the yy-plane 
δ∆εzz     Step strain change in the zz-plane 
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δ∆εxz    Step change in shear strain 
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In addition the following subscripts are used throughout: 
 
i   Current timestep 
i-1   Previous timestep 
 
n   Current cycle 
n-1   Previous cycle 
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Chapter 1 Introduction 
 
In this chapter the background and aims of the research are introduced, with particular 
reference to the Engineering Doctorate and reasons for undertaking the research at Mott 
MacDonald within an industrial context. A comparison is made between integral and 
conventional bridges, and the relative advantages and disadvantages of each type of 
construction are discussed. 
 
1.1 Conventional bridges 
 
The basic design concept for a road bridge is a superstructure supported by an abutment 
at each end as shown in Figure 1.1. The superstructure will be affected by changes in air 
temperature, causing the deck to expand and contract longitudinally while the abutments 
remain stationary. To prevent stresses developing as a consequence of this, engineers 
have traditionally used expansion joints and bearings at either end. These joints and 
bearings accommodate the movement, dependant on the bridge length but typically tens 
of millimetres, caused by temperature variation.  
 
1.1.1 Problems associated with conventional bridges 
 
Engineers are increasingly concerned with durability issues relating to bearings and 
expansion joints. In particular: 
 
•  The ingress of de-icing salts used on highways, leading to the deterioration of 
joints, bearings and adjacent concrete.  
•  Debris becoming trapped in the expansion joint, preventing it from operating as 
designed.  
•  The expense of purchase, installation, maintenance and replacement of joints 
and bearings. 
 
A survey of 200 UK bridges by Wallbank (1989) confirmed that the most common 
source of damage to highway bridges is de-icing salts leaking through deck joints on to 
sub-structure components. This causes the components to fail and the structure ceases to   2 
operate in the manner designed, causing damage to the reinforced concrete which is 
expensive to rectify. Avoiding this requires regular repair and maintenance of the joints 
and bearings, a substantial expenditure when considering both direct and indirect costs.  
 
1.2 Integral bridges 
 
To avoid the durability problems associated with conventional bridges, the concept of 
an integral bridge was developed. In these structures expansion joints and bearings are 
eliminated from the design, and the superstructure is structurally integrated with the 
abutments. A typical integral bridge is shown in Figure 1.2.  
 
1.2.1 Advantages of integral bridges 
 
The major advantage of integral bridge construction is the elimination of problems 
associated with bearings and expansion joints. However, there are additional advantages 
to this type of construction. Researchers propose they have better resistance to 
earthquake forces (Tandon, 2005), and that the elimination of expansion joints and 
bearings results in faster construction and easier maintenance and inspection. Card and 
Carder (1993) also state that in the case of spread base abutments, foundations for the 
bridge can be smaller. This is due to the deck acting as a prop to resist the horizontal 
and overturning forces generated by the retained soil on the abutments. 
 
1.2.2 Disadvantages of integral bridges 
 
While there are advantages associated with integral bridge construction, there are also 
disadvantages which require consideration. Thermal displacements continue to occur, 
with deck expansion accommodated by the abutment moving into the retained fill. 
When the bridge contracts with reducing temperature, the abutment moves away from 
the fill. This happens on a daily and seasonal basis and although relatively small, the 
magnitude of the lateral stress which develops is a cause of concern for designers. 
As each abutment is translated and rotated into the retained backfill the soil 
stress increases. It is widely believed that the cyclic movement of the deck and 
abutment causes the soil to increase in density with cycles, leading to a progressive   3 
increase in the peak horizontal stress acting on the abutment, with a varying and 
unpredictable magnitude. The work of Xu (2005) shows that stress only increases when 
considering granular material and is not only due to density changes. Conversely, when 
a stiff clay is under cyclic loading density change does not occur, and there is no build 
up of peak lateral stress. This is discussed in more detail in Section 3.4. 
 
1.2.3 Types of integral bridge 
 
Various forms of integral bridge are currently constructed in the United Kingdom. 
These are shown in Figure 2.1 of the design guidance, BA42/96 (Highways Agency, 
2000a), reproduced in Figure 1.3. In addition to these bridges, there are also integral 
bridges which are variations on those shown. These will be discussed in Section 2.1. 
 
1.2.4 Definition of integral bridge 
 
For this project it is important to state what is meant by different types of integral 
bridge. For the purposes of the research the following definitions are used: 
 
•  Embedded Bridge: Shown as c) in Figure 1.3. This is a bridge constructed using 
a top down construction sequence where the abutments are created using a piled 
wall before excavation starts. These commonly retain clay. 
•  Spread Base Abutment Bridge: Shown as a) in Figure 1.3. This is a bridge where 
the abutment is supported on a spread base. This is constructed following 
excavation and a wedge is backfilled behind the abutment.  
•  Shallow Abutment Bridge: Those shown in d), e) and f) of Figure 1.3. These are 
abutments where there is little efficiency benefit, both in terms of design and 
construction, from further investigating the soil stress profile which develops 
behind the abutments.  
•  Semi Integral Bridges: These are bridges where the expansion joints have been 
removed but bearings still remain. Some organisations and authors use ‘semi 
integral’ when describing the much less common concept of a shallow abutment 
bridge with no bearings but expansion joints. In this project, ‘semi integral’ will 
be used to describe both these types of bridges.   4 
 
The main focus of this project will be spread base abutment bridges. 
 
1.3 Business Case and objectives 
 
As will be discussed in Section 2.1, all bridges in the United Kingdom with a span less 
than 60m must be constructed as integral, and Hambly (1997) reports the widespread 
use of jointless bridges in the United States of America. This widespread use highlights 
the need to understand the lateral stress acting on the structure. In the United Kingdom 
the current design practice, as discussed in depth in Chapter 2, is based on BA42/96 
(Highways Agency, 1996 & 2000a) which is viewed within industry as being a standard 
which is difficult to implement. In addition, there are concerns within industry and 
academia with regards to the fundamental basis of the standard. 
Design of schemes such as the A34/M4 Chieveley Interchange and the Kinsale 
Road Interchange as discussed by Place et al. (2005 & 2006) highlighted that use of the 
code was unsatisfactory in the design office environment. Mott MacDonald wished to 
improve their design process and identified four areas of concern: 
 
•  The efficiency of the design process  
•  Applicability of guidance to complex structures  
•  The magnitude of lateral stress acting on the abutment 
•  The true soil-structure interaction – accounting for the relative stiffnesses of 
both elements of the system 
 
The aims stated could be achieved by numerical modelling of the combined 
abutment/soil system.  
The flow chart in Figure 1.4 shows the proposed development and validation 
which would result in a usable model. Previous work at the University of Southampton 
allowed the fundamental behaviour of a soil element behind an integral bridge to be 
determined which, in turn, allowed this to be modelled. The developed model would 
then be validated against the published results of centrifuge tests by independent 
researchers. This process would allow numerical modelling to combat the areas of 
concern identified and investigate integral bridge behaviour.   5 
 
1.4 Organisation of Thesis 
 
Chapter 1 discusses the background of integral bridges, the associated problems and 
terminology used throughout the thesis. It introduces the topic of the research, the 
objectives, methodology and how these relate to the industrial context. 
 
Chapter 2 provides an overview of the current practice for integral bridge design used 
within industry and the experience of practicing engineers. Also included is an overview 
of worldwide use of integral bridges. 
 
Chapter 3 contains a comprehensive review of previous research concerning the subject 
of integral bridges. The influence of temperature on integral bridges is discussed along 
with previous laboratory tests, field monitoring and numerical analysis.  
 
Chapter 4 outlines the derivation a mathematical description of the soil model for 
backfill behind an integral bridge based on the observed fundamental behaviour.  
 
Chapter 5 discusses the implementation of the soil model into a Finite Difference 
Method program, and its subsequent validation against the observed fundamental 
behaviour.  
 
Chapter 6 outlines further validation of the model at abutment system level. The model 
is also fully tested to ensure it behaves as expected for a range of practical bridge 
geometries. 
 
Chapter 7 discusses a parametric study used to investigate the soil-structure interaction. 
Additionally, a spread base bridge is considered and the resulting lateral stress 
compared with the current design guidance. 
 
Chapter 8 contains the conclusions from this research, with reference to the stated 
objectives, and recommendations for future research. 
   6 
 
 
Figure 1.1 Schematic of a conventional bridge showing main components 
 
 
 
 
 
 
Figure 1.2 Schematic of an integral bridge showing main components 
 
   7 
 
Figure 1.3 Integral bridge construction types defined in BA42/96 (Highways Agency, 
2000a) 
 
 
 
Figure 1.4 Flow chart of adopted model development process   8 
Chapter 2 Current practice 
 
An essential part of any research in the field of civil engineering is that it must be 
considered within context. This chapter discusses the design note currently employed 
for United Kingdom integral bridges, and the draft for the guidance which will 
supersede it. The experience of engineers using the design code is reported, and the 
worldwide use of integral bridges is reviewed. 
 
2.1 Design guidance BA42/96 
 
Wallbank (1989) surveyed the condition of a sample of bridges in England and Wales, 
finding maintenance issues associated with expansion joints and bearings to be a major 
concern. The conclusions drawn by Wallbank were a catalyst for clause 2.3 in BD57/95 
Design for Durability (Highways Agency, 1995), a part of the Design Manual for Roads 
and Bridges (Highways Agency, 1992), specifying that all bridges with a span not 
exceeding 60m and a skew not exceeding 30° should be designed as integral. This in 
turn prompted the publication of BA42/96 (Highways Agency, 1996), guidance on the 
design of integral structures, which was updated in 2000 with minor changes. The 
advice note will be discussed in Section 2.1.2 and Section 2.1.3 with regard to 
designers’ use.  
The specification for lateral soil stress profiles in BA42/96 was based on a 
limited amount of research which is discussed in Section 3.4.  The basis for design is a 
defined soil stress profile which is predicted to exist for maximum bridge deck 
expansion at the end of a 120-year design life. With reference to full height abutments, 
which are of particular interest when considering lateral loading, the profiles specified 
by BA42/96 are as follows: 
 
For a Spread Base Abutment Bridge: 
 
•  The top half of the abutment is based on the artificial soil stress coefficient K* 
•  The middle section is a uniform lateral stress based on a reducing earth stress 
coefficient   9 
•  The bottom section extends to the retained depth H based on the ‘at rest’ soil 
stress coefficient (Ko) 
 
For an Embedded Bridge: 
 
•  The top ⅔ of the retained height (H) is based on the artificial soil stress 
coefficient K* 
•  The middle section is a uniform lateral stress based on a reducing soil stress 
coefficient 
•  The remaining depth at the bottom is based on the ‘at rest’ soil coefficient (Ko) 
 
The distributions are shown in Figure 2.1 which is reproduced from Figure 3.2 of 
BA42/96 (Highways Agency, 2000a). The K* factor is calculated as a function of 
thermal displacements, retained height and the coefficient of passive stress (Kp) and 
depends on structure type being considered. Clause 3.2 of BA42/96 prescribes using 
peak effective friction angle (φ’peak) when calculating Kp, to account for the 
densification of granular material in the long term. 
 
2.1.1 Review of BA42/96 
 
The discussion in Section 2.1.2 and Section 2.1.3, relating to the designer’s use of the 
advice note, highlights some of the problems associated with application of the design 
lateral soil stress profile for integral bridges. However, there are other problems 
associated with the fundamental basis of the design note highlighted by both researchers 
and practicing engineers. 
 
Lateral Stress 
 
Clayton et al. (1993) state that the wall friction angle, δ, can have a significant influence 
on Kp, and therefore by implication on K*. The guidance, BA42/96, recommends that 
φ’peak/2 is assumed for the wall friction angle, but experimental testing shows that the 
magnitude of δ depends on the wall rotation, roughness and depth of retained height.   10 
Bica (1991) postulated that it could be as high as the peak value of the plane strain angle 
of internal friction. 
Calculation of lateral stress acting on an integral bridge relies on the thermal 
expansion of the bridge, denoted as d in the guidance. BA42/96 states that it is the 
“thermal displacement of the top of the abutment”. England and Tsang (2000) indicate 
that d is the displacement between maximum expansion and maximum contraction. 
Other researchers, for example Tapper and Lehane (2004), use the notation d as the 
displacement between the maximum contraction and mean position. While the former 
definition by England and Tsang most adequately meets the definition in BA42/96, it is 
easy to understand why some researchers view the latter definition by Tapper and 
Lehane as being valid. Such ambiguity can lead to confusion and the wrong lateral 
stress profile being adopted in design. 
Clause 1.5 states that BD31/01, The Design of Buried Concrete Box and Portal 
Frame Structures (Highways Agency, 2001a), can be used for bridges with overall 
spans less than 15m. A comparison of the lateral stress generated using this when 
compared to BA42/96 for a short span bridge, show that the latter will result in much 
greater magnitudes. Therefore it can be concluded that for short span bridges that either 
BA42/96 is conservative or BD31/01 is not sufficiently rigorous.  
 
Abutment types 
 
Perhaps of greatest concern to designers is that the code makes no distinction between 
different types of retained soil. Clause 3.5.3 of BA42/96 provides a formula to be used 
in the calculation of K* for a spread base abutment bridge structure. In clause 3.5.5 an 
alternative is stated for use with a spread base abutment bridge which is hinged at the 
base. Clause 3.5.7 states that the formula given in clause 3.5.3 should be adopted for the 
K* distribution of the Embedded Bridge. This means that the code of practice 
effectively uses the same value of K* for an embedded bridge and a spread base 
abutment bridge which is not hinged at its base. This is despite the fact that these 
abutment types are likely to have different failure mechanisms and more importantly 
will retain totally different soil types, granular fill and clay. The geological composition 
of the United Kingdom means that there are relatively few large deposits of granular 
material to drive piles into, so a piled abutment will usually retain clay. Similarly, as a 
spread base abutment bridge requires significant excavation for construction it will   11 
always require backfilling. In the United Kingdom the Design Manual for Roads and 
Bridges (Highways Agency, 1992) leads designers to specify a backfill material 
meeting the requirements of 6N/6P as discussed below. These two different material 
types behave in different ways as will be discussed in Section 3.4.  
 
Backfill Material 
 
When designing a spread base abutment bridge Clause 3.8 of BA42/96 (Highways 
Agency, 2000a) prescribes that the backfill material used for integral abutments must 
have properties and grading which comply with Class 6N or 6P. BD 30/87, Backfilled 
Retaining Walls and Bridge Abutments (Highways Agency, 1987), defines 6N and 6P 
as the following: 
 
•  Class 6N - Selected well graded granular material. 
•  Class 6P - Selected uniformly graded granular material (Note: this includes 
chalk). 
 
The well graded granular material can consist of natural gravel, natural sand, crushed 
gravel, crushed rock, or similar. The Specification for Highway Works (Highways 
Agency, 2005) states that 6N is a frictional material with less than 15 per cent passing 
the 63 micron sieve and with a minimum acceptable Uniformity Coefficient (UC) of 10. 
Class 6P is a graded material similar to 6N but with a minimum Uniformity Coefficient 
of 5. Additionally, if chalk is present a saturation moisture content of 20 per cent or less 
is required.  
The Uniformity Coefficient is defined as: 
 
10
60
D
D
UC =                 (2.1) 
 
where D10 and D60 are the particle diameters at which 10% and 60% respectively of the 
soil by weight is finer.  
Clause 3.10 states that the 6N/6P backfill wedge should extend up at an angle of 
at least 45° to the horizontal, but classical failure planes for passive failure lie well 
below this plane. This implies that the passive resistance would rely, at least partly, on   12 
the remaining in situ material rather than the backfill used. This is not reflected in the 
design note. 
 
Bridge properties 
 
It is noted that the design soil stress profiles are independent of wall stiffness and the 
document does not consider the true soil-structure interaction. A very flexible abutment 
would tend to bend at the point of load application, in this case the deck abutment 
connection, and deflect less lower down, which may result in the expected high lateral 
stresses not being generated. Conversely, a very stiff abutment will act in the opposite 
manner and may generate high lateral stress acting over much of its height. Advice such 
as the CIRIA guidance on sheet piled cofferdams (Williams & Waite, 1993) suggests 
that wall stiffness be allowed for in design, but this is not the case with BA42/96. 
 
Considering these issues together indicates that there are fundamental problems 
associated with the basis and implementation of BA42/96. These issues were discussed 
with practising engineers, who highlighted the further problems discussed in Section 
2.1.2 below.  
 
2.1.2 Industry use of BA42/96 
 
Section 2.1.1 discusses some fundamental issues identified with respect to BA42/96 
(Highways Agency, 2000a). The research discussed in this thesis was carried out in a 
design office environment, allowing the views of designers using the current guidance 
to have an input into the research project. With this in mind, some of their criticisms 
and comments, regarding both the integral bridge concept and BA42/96, are discussed 
here. 
 
Implementation 
 
It is apparent from discussions with designers that the code of practice is a difficult 
advice note to implement. There is a lack of confidence connected with use of the K* 
soil stress coefficient. While the active and passive stress coefficients, Ka and Kp, have a   13 
tangible meaning to a bridge designer, K* is an abstract concept which is difficult to 
correlate to the real case.  
There is also some concern over the application of the coefficient. Most design 
methods use a soil-structure interaction package, such as WALLAP or Frew, which are 
designed for retaining walls and not the varying soil stress coefficients required in 
BA42/96 (Highways Agency, 2000a). While BA42/96 does not explicitly disqualify 
computational methods, it does not offer any guidance on how this should be done and 
engineers cite this as a barrier to its successful use. Guidance on use of spring 
stiffnesses based on BA42/96 is contained in Integral Abutments for Prestressed Beam 
Bridges (Nicholson, 1998), and the adopted Mott MacDonald method based on 
equivalent displacements is discussed in Section 2.1.3. While these have both been 
created to compliment BA42/96 they are an interpretation of the guidance, and as a 
result have very different approaches. Such varying approaches are no doubt found 
throughout different design offices where BA42/96 is used, and as such the integral 
bridge designs achieved using them are likely to be diverse. 
 
Parameter limits of BA42/96 
 
In industry, the limits which exist in BA42/96 are viewed as being arbitrary. Engineers 
appreciate that a skew and displacement limit are required but are unsure of the 
rationale of defining them as 30° skew and ± 20mm displacement. While engineers 
appreciate that little has been studied with regard to skew of integral bridges they 
question why longer bridges are built in other countries. Designers, as a whole, are not 
opposed to designing outwith the ± 20mm limit for a square bridge. They see no more 
difficulty in designing a 100m long structure than a 60m long structure, although they 
realise that some issues may exist with regard to detailing. Problems associated with 
detailing will not be resolved until such times as bridges exceeding the limits are 
regularly used. 
 
Alternative integral bridge concepts 
 
Since the issue of BA42/96, several variants on the integral bridge concept have been 
implemented, many of these aiming to reduce the soil-structure interaction effects. One 
of the most common methods is the use of steel piles within concrete manhole rings.   14 
Initially viewed as a way in which to make soil–structure interaction a less important 
feature by reducing the length of pile in contact with the soil, they have become less 
widely used due to inspection difficulties. The void between the pile and manhole rings 
is often packed with another material, such as rubber or gravel, to minimise pile 
corrosion. This means that an interaction problem still exists to an extent. 
Similarly, the use of reinforced earth abutments has become a widely accepted 
alternative to full height integral bridge abutments. Such techniques have been used in 
the past in the Far East where a shallow abutment is sited on top of a reinforced earth 
abutment. In the United Kingdom is the use of a reinforced earth system to retain the 
backfill has been adopted, with the abutment constructed separately in front of it (Place 
et al., 2006). The abutment can be a full height end screen or a diaphragm supported on 
two piles. Both methods reduce the soil–structure interaction effects considerably. 
Designers highlight that there is no guidance relating to such designs and first principles 
must be used. Design guidance on this type of structure would be welcomed by 
engineers. 
Another derivation of the integral bridge concept is that of semi integral bridges 
as reported by Burke and Gloyd (1997) and Iles (2005), where the bearing is included 
but the expansion joint is eliminated. The main problem with highway bridges is 
expansion joints leaking causing the bearing and adjacent concrete to be exposed to de-
icing salts which in turn cause deterioration. The semi integral concept eliminates the 
expansion joint, protecting the bearing. The inclusion of a bearing allows the abutment 
to remain theoretically unaffected by deck expansion and contraction and the complex 
soil-structure interaction is eliminated. A typical bearing will last up to 25 years before 
replacement, although it may need to be re-seated more often, meaning that a bridge 
with a 120 year design life may need bearings to be replaced 4 or 5 times.  
Clause 1.5 of BA42/96 (Highways Agency, 2000a) states that bridges with cover 
greater than 200mm can be designed as earth retaining structures using BD31/01 
(Highways Agency, 2001a). There are examples of such structures being used 
throughout the United Kingdom where an integral bridge with no cover would be 
suitable. This illustrates the uncertainty experienced by designers when considering 
such structures. 
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Detailing of associated elements 
 
Use of integral bridges in the USA is invariably accompanied by the use of an approach 
slab. Nicholson et al. (1997) report that this is due to the backfill quality being less 
tightly controlled than in the United Kingdom, where this particular detail is not widely 
used. Discussions with engineers indicate that there are no specific settlement problems 
associated with using integral bridges backfilled with 6N/6P or embedded abutments. 
Designers in the United Kingdom believe there is currently no need to use approach 
slabs. 
The main catalyst for using integral bridges was the report of Wallbank (1989), 
researched in the late 1980’s. Engineers report that in the intervening period, the 
reliability of expansion joints and bearings being produced has not significantly 
improved. However, detailing of these elements has improved within this timeframe. 
This has led to the belief that nowadays conventional bridges are less likely to have 
significant maintenance problems associated with expansion joints and bearings. 
However, there is an awareness that these problems can never be totally eliminated. For 
this reason, the integral bridge concept remains popular amongst practising engineers. 
While eliminating maintenance problems is the main benefit of integral bridge 
construction, the structural efficiency of this form has not gone unnoticed by engineers. 
With the integral deck abutment connection, the governing moment is often the hogging 
moment at this connection. While this leads to a more efficient deck, designers highlight 
the fact that no detailing guidance is provided for the connection.  
 
Backfilling 
 
Sustainability is becoming an ever more important issue within the field of civil 
engineering. When considering the use of integral bridges some designers state that 
there is the opportunity for site won material to be used as backfill. Until now, strictly 
specified and controlled 6N/6P has been used successfully and, while doubts remain 
over the lateral stresses which develop, settlement has not been a problem. If site won 
material could be compacted to ensure settlement was not an issue then, from the point 
of view of sustainability, it would be most welcome. Costs associated with the 
quarrying and transportation of 6N/6P and the land filling of excavated material could   16 
be minimised. Such an approach would require a full soil–structure interaction analysis 
with the site won material properties being experimentally determined. 
Considerable recent research has investigated the use of alternative materials, 
such as compressible layers immediately behind the abutment proposed by Horvath 
(2004) and also being trialled by the Transportation Research Laboratory (Card & 
Carder, 1997 and Carder et al. 2002a, 2002b). Engineers consider these worth 
investigating, but doubts remain over the long term durability of such materials. The 
soil-structure interaction under consideration with integral bridges is a long term one, 
and with the possibility that such materials may degrade within the life of the bridge, 
engineers favour the use of granular fill, as has been the practice until now, and would 
prefer research to be concentrated on this. 
Finally, the work of Caquot and Kerisel (1948) indicates that wall friction is 
important when considering the lateral stresses acting on an abutment. Some engineers 
postulate that it would be possible to reduce wall friction by use of a bitumen layer if it 
was required (Springman et al., 1996), but they see no advantage in doing this while the 
effects of wall friction on a cycling abutment are unknown as discussed in Section 2.1.1. 
 
These issues, combined with the concerns arising from an investigation of the code, 
highlight the problems facing designers. While problems exist both with the code of 
practice and its implementation, discussions with designers show that the integral bridge 
concept is still widely supported. 
 
2.1.3 Current design office implementation of BA42/96 
 
To improve upon current design practice it is critical that the current methodology used 
is  fully  understood.  To  achieve  this,  the  design  of  a  typical  integral  bridge  was 
considered. Place et al. (2005) report the typical design process for a complex multi-
propped  embedded  integral  bridge,  the  structure  shown  in  Figure  2.2.  Although  the 
work discussed here relates to this embedded bridge, the design process for a spread 
base abutment is, in essence, the same. 
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Design loads 
 
Place et al. (2005) discuss the design of a contiguous piled wall which acts as the bridge 
abutment. Rigorous soil–structure interaction analysis was carried out to obtain the most 
onerous  loadings  for  the  limit  states  and  to  ensure  structural  stability.  Both  the  in-
service  and  construction  cases  were  considered  within  the  design.  The  Highways 
Agency advice note BA42/96 (Highways Agency, 2000a), discussed in Section 2.1.1, 
was  used  to  determine  the  lateral  stresses  acting  on  the  abutments  with  respect  to 
integral bridge loading. Global stability of the bridge was assessed in accordance with 
BD42/00 (Highways Agency, 2000b) which links BS8002 (1994) and CIRIA Report 
104 (1984) in a manner compatible with the limit state design principles of BS5400 
(1978-2000). The deck was subjected to HA loading and 45 units of HB loading in 
accordance with BD37/01 (Highways Agency, 2001b). 
 
Modelling 
 
The abutment modelling was carried out using the WALLAP program. WALLAP is 
typically adopted for the design of conventional retaining walls, but in this case it was 
used to model the artificial lateral soil stress profile prescribed by BA42/96 (Highways 
Agency, 2000a). In WALLAP the wall is modelled as a beam and the soil as a spring. 
The subgrade reaction spring model is used by WALLAP to determine the appropriate 
stiffness. In WALLAP the soil strata were divided into artificial sub strata, and the 
properties manipulated to achieve the calculated soil stress coefficients from BA42/96. 
The presence of the deck was modelled by means of a restraining moment at the top of 
the abutment in the WALLAP model. The deck stiffness was determined from the ULS 
design moment capacity of the deck beam. The initial value of this for the first iteration 
was based on vertical loading only, assuming maximum hogging at the capping 
beam/abutment interface and maximum sagging moment at mid span. This analysis 
allowed a displacement profile for the abutment to be extracted from WALLAP, which 
in turn meant equivalent loads to achieve this could generated. 
  The structural analysis tool STAAD was then used to analyse the whole 
structure by use of a 3-dimensional wireframe model, as shown in Figure 2.3. The 
equivalent loads determined from the WALLAP model were applied in STAAD in 
appropriate combination with bridge loading as discussed above. These loads could then   18 
be used to derive the abutment forces allowing a new pile to be designed. This was then 
re-analysed in WALLAP and the process begun again. This iterative process is repeated 
until the stiffness required for the elements in STAAD, the structural design, did not 
deviate from those used in WALLAP, at which stage the analysis had converged and the 
same sections had been considered in both programs. This iterative process is illustrated 
by the flow chart in Figure 2.4. 
Designers found this to be a time-consuming and laborious task, in which a 
significant number of iterations were required to ensure compatibility of the analyses. In 
addition, the capping beam used to connect pile heads in the structure was modelled as a 
soft prop in the WALLAP analysis, adding further complexity to the problem. 
 
This is a typical design method used in industry for an integral bridge. Other, simpler, 
methods are discussed in the SCI Worked Example (1997) and Integral Abutments for 
Prestressed Beam Bridges (Nicholson, 1998), but all are approaches which implement 
BA42/96. This discussion has been included because it is important to discuss the 
current design process before it can be improved upon in any manner.  
 
2.1.4 Summary of issues arising from use of BA42/96 
 
Place et al. (2005) highlighted some of the shortcomings of using BA42/96 (Highways 
Agency, 2000a) in the design process. These, along with others, have been discussed in 
Section 2.1.1 and 2.1.2. The most notable problem is that lateral stress distributions in 
BA42/96 are very difficult to implement in practice. The lateral stress distributions are 
not typical of those found behind earth retaining structures. Therefore, artificial soil 
parameters have to be adopted to achieve the required lateral stress, resulting in a 
complex retaining wall model. Further complexity comes from having to use two 
models in the analysis. Compatibility between the models was critical in ensuring the 
design was suitable for the loading condition. These issues highlight the problems 
associated with using BA42/96 in a design context. 
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2.2 Guidance for the future 
 
In recent years there has been a move toward adopting Eurocodes in structural design. 
The core structural codes used for bridge design, for example Eurocode 3 – Design of 
Steel Structures (CEN, 1997), are being supplemented by Non Contradictory 
Complementary Information (NCCI) relating to Bridge Structures.  
The guidance, PD 6694-1:2009 (2008), is currently in the ‘Draft for Public 
Comment’ stage and was obtained at an open meeting with the British Standards 
Institution committee responsible for its drafting. It is subject to change; however it is 
worth considering some of the main points of this guidance. 
The primary aim of this NCCI is to accommodate the changes associated with the 
Eurocode approach, essentially a new implementation of BA42/96 (Highways Agency 
2000a). However, it has allowed some minor changes and updates to be considered. In 
comparison to BA42/96: 
 
•  The limits for displacement and skew that apply in BA42/96, ±20mm and 30° 
respectively, remain in place. 
 
•  In the case of BA42/96 no mention was made of soil–structure interaction 
techniques. In the draft NCCI, soil-structure interaction is explicitly supported 
but no guidance is given. 
 
•  The concept of a K* definition remains in NCCI. There are now only two K* 
formulae, one for abutments which are likely to slide, such as bank seats and 
shallow end screens, and one for those likely to flex and rotate, portal frames, 
named full height abutments in the NCCI, and embedded abutments. In the case 
of full height abutments, an analysis of the formula shows it to be similar to that 
used for a portal frame structure hinged at its base in BA42/96 (Highways 
Agency, 2000a). In the case of a portal frame structure, flexure is assumed to 
occur about the base of the footing (or hinge if a hinged abutment is used) and 
about the point of contraflexure for an embedded abutment. The concept of an 
embedded wall flexing below the retained height is in line with conventional soil 
mechanics.    20 
 
•  K* is to be based on a 50-year return period, rather than a 120-year return 
period. According to the work of Hopkins and Whyte (1975) this would imply a 
range decrease of approximately 4°C, slightly reducing the abutment 
displacements. However, due to the manner in which partial factors are used in 
Eurocode design K* will change little. 
 
•  Lateral soil stress profiles are still difficult to apply in a soil structure interaction 
program.  
 
•  Similarly to BA42/96, no allowance is made for different soil types and clay and 
granular fill are treated as having the same behaviour under cycling. The code 
does recognise that for clay this may be conservative. This proves to be the case 
as discussed in Section 3.4. 
 
•  The shape of the stress profile in BA42/96, as shown in Figure 2.1, has been 
changed in the draft  NCCI. The new profile increases from an at rest value at 
the base until a maximum (dependant on K*) at mid-height, and reduces to zero 
at the top of the abutment. This shape is similar to the abutment lateral stresses 
found by Tapper and Lehane (2004) and the field monitoring by the Concrete 
Bridge Design Group as discussed in Section 3.4 and Section 3.3 respectively. 
 
•  The H and d definitions have been redefined. This should ensure a clear 
understanding of the terms used in the guidance. 
 
These points are based on the draft copy of the Non Contradictory Complementary 
Information. The indication is that while the new guidance will improve slightly on 
BA42/96, it will not make a significant difference to the design of integral bridges. 
 
2.3 International design experience 
 
So far, this chapter has discussed use of guidance and the design process within a 
United Kingdom context. Integral bridges are used in a number of countries around the   21 
world and the research investigated some of the construction forms and design 
techniques adopted abroad. This was aimed at comparing the construction types used 
and the basis for lateral stress profile adopted in design. 
 
2.3.1 United States of America 
 
Integral bridges have been used extensively in the USA. However, Nicholson et al. 
(1997) highlights that design philosophy is different between the USA and United 
Kingdom, with serviceability being much more important in the United Kingdom. In the 
USA a typical bridge is designed for a 50 year design life, whereas in the United 
Kingdom this period is 120 years (BS5400, 1978-2000). The effect of this is, with 
respect to integral bridges, a much longer time in the United Kingdom for lateral 
stresses to increase. Additionally, the structural form of bridges in the USA is also 
invariably a shallow abutment supported by a single row of H-piles, resulting in a 
smaller retained height for lateral stress to develop.  
Maruri and Petro (2005) report that there are approximately 13000 integral and 
jointless bridges in service in the USA. Similarly to the United Kingdom, there has been 
an increase in use of such structures since the mid 1990’s; over half the in-service 
bridges have been constructed since 1995. Some states, such as Tennessee, have a long 
tradition of using such structures, and continue to do so wherever possible, whereas 
neighbouring states such as Arkansas do not, and they are not viewed as a major 
component of their transport infrastructure. This is an illustration of the very different 
approaches to integral construction which exist between the individual state 
transportation departments. 
Span limits in the USA vary depending on state. The US Federal Highway 
Administration (1980) recommends maximum lengths of 91m, 152m and 183m for 
steel, reinforced concrete and prestressed concrete respectively, all well in excess of the 
limits defined in BA42/96 (Highways Agency, 2000a). Lehane et al. (1999) report that 
bridges of up to 240m in length have been constructed. One method of defining span 
limits in the USA has been a stepped increase based on the performance of prototypes. 
For example, if a 120m long bridge works well for 5 years then a 125m long bridge 
would be permitted. This means bridges are being constructed with no rational or 
theoretical basis. Skew limits in the USA tend to be more conservative than in the   22 
United Kingdom, typically between 10° and 30°. This reflects the importance of the 
findings of Sanford and Elgally (1993), who investigated the effects of skew, to some 
states. 
As discussed, each state has its own guidance. These vary greatly, with some 
states, such as Minnesota, providing designers with standard abutment details for 
integral bridges which define both the dimensions of the abutments and the 
reinforcement to be used. In general, most states base their codes of practice on the 
AASHTO guidance (1992) and the work done by Tenndot (Wasserman, 1996). The 
work by Tenndot was under the guidance of Wasserman and is the basis of the 
guidelines set out by the American Iron and Steel Institute (1996).  In terms of deck 
design, many states do not deviate from the AASHTO guidance where the deck is 
treated as continuous with the supports. In some states, such as Vermont, the deck is 
considered simply supported which does not fully utilise the advantages of integral 
bridge construction. 
 
2.3.2 Europe and Asia 
 
Integral bridges are used in many locations in Europe. In Ireland integral bridges are 
designed using BA42/96 as a basis (Place et al., 2006). This is due to the fact that the 
National Roads Authority Design Manual for Roads and Bridges (NRA, 2001) is a 
modified version of the Design Manual for Roads and Bridges (Highways Agency, 
1992), which includes BA42/96. 
In Finland, Kerkowski (2006) reports that integral bridge use has been 
increasing since the mid 1980’s and accounts for 7.2 per cent of the bridge stock. Bridge 
spans are limited to 35m in the case of a normal bridge and 45m in the case of a light 
traffic bridge. This may seem stricter than United Kingdom regulations, but accounting 
for the higher temperature range it is comparable. Kerkowski does not detail the precise 
design method but indicates that fully passive soil stresses are adopted. 
Another Scandinavian country, Sweden, has used integral bridges frequently 
(Flener, 2004), with many in service in excess of 60 years (Mattsson & Sundquist, 
2007). Integral concrete slab frame bridges account for 8000 out of the 14000 Swedish 
Road Administration owned bridges. For concrete bridges, span limits are 60m to 90m 
and steel bridges 40m to 60m depending on average low temperatures at the site   23 
(Flener, 2004). Bridge forms include both shallow and full height abutments, as 
discussed by Broms and Ingleson (1971 & 1972), and are seldom used with approach 
slabs. 
Norway has not adopted the fully integral technique, but rather the semi integral 
bridge (Kerkowski, 2006). Design guidelines for cast in place slab bridges have been 
issued for three span bridges between 22m and 52m, with a central span of 10m to 20m. 
The method of construction adopted is a shallow end screen integral with the deck. 
Kerkowski reports that integral bridge use in Germany includes no formal guidance. 
Several integral bridges have been constructed in recent years and the form continues to 
be used, particularly for spans less than 50m. 
Integral bridges are slowly becoming more popular in Asia. In Japan integral 
bridges built using reinforced earth abutments, as discussed in Section 2.1.2, have been 
adopted on many occasions. China has very recently started using the integral bridge 
form and opened its first integral bridge in 2004 (Jin & Shao, 2004). 
 
2.3.3 Railway bridges 
 
Railway bridges are not designed as integral in the United Kingdom, mainly due to 
constructability issues relating to track possession times. Most railway bridge works are 
replacements where the track has to be closed for as short a period as possible. This 
makes bridges on bearings, which can be lifted into place, the preferred option. 
Additionally, the possibility of later deck replacement which does not require 
reconstruction of the abutments is favoured. 
However, integral bridges are used on Finnish railways. Kerkowski (2006) 
reports that fully passive lateral stresses are assumed to act on the abutment. Invariably 
all bridges are ballasted to ensure that deck - track interaction does not take place. 
Bridges with spans in excess of 120m require expansion joints. 
Xu et al. (2003) reports that integral bridges are especially suitable for high 
speed rail schemes. The concept of a structurally integrated deck and abutment makes 
the whole bridge potentially more resistant to horizontal forces. 
While the integral bridges can be used in the rail industry, they are not common. 
The fact that no de-icing salts are used limits the advantages of adopting this concept.  
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It can be seen that variations in integral bridge use and application are wide, with 
different structural forms common throughout the world. This is problematic as, for 
example, North American research is often of little value to the full height abutments 
often adopted in the United Kingdom. The use of integral bridges within the railway 
industry is not widely adopted. This is due to the limited benefits associated with the 
use of such structures in this application. 
 
2.4 Summary 
 
This chapter has discussed some of the issues relating to the current guidance and its 
application. Many problems exist with BA42/96 in its implementation causing designers 
to seek alternatives. Designers have expressed their support for the integral bridge 
concept, but not for the current execution of it. The new guidance, in draft form, shows 
small changes but does not deal with the core of the problem, the implementation and 
magnitude of lateral stress.  
International experience shows that different countries have adopted different 
versions of the same concept over a wide-ranging timescale. An analysis of the concepts 
adopted shows that geographic location and social factors influence design 
considerably.   25 
 
 
Figure 2.1 Lateral soil stress profile distributions defined in BA42/96 (Highways 
Agency, 2000a) 
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Figure 2.2 Rendering of integral bridge under consideration 
 
 
 
 
 
Figure 2.3 Typical wireframe model for structural analysis of integral bridge under 
consideration 
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Figure 2.4 - Modelling iterations required between WALLAP and STAAD to achieve 
convergence 
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Chapter 3 Previous research 
 
This chapter details the existing literature relating to integral abutments, including the 
temperature influence on bridge decks and previous research on integral bridges. The 
concept of Effective Bridge Temperature (EBT) is looked at in depth, as it is critical in 
determining the magnitude by which an integral bridge deck will change length 
dependant on the temperature range. The basic concepts of lateral soil stress acting on 
an abutment are considered and defined for reference throughout the research. 
Physical investigations form an extensive part of the research on integral 
bridges. In particular, field monitoring and laboratory testing, in the form of small scale 
and centrifuge tests, have been used to investigate the whole abutment system. At 
element level, radial strain–controlled cyclic triaxial testing has been carried out at the 
University of Southampton. The latter tests form a significant part of the review, as the 
subsequent research relies heavily on this. 
A limited number of researchers have considered numerical modelling, using 
both simplified Winkler spring models and continuum models. The relative benefits and 
disadvantages of each approach are discussed and, in the latter case, consideration has 
been given to the constitutive model used to represent the retained material.  
 
3.1 Temperature 
 
In bridge design it is common to consider two types of temperature loads. Differences in 
temperature throughout the thickness of the deck can cause non-uniform internal stress 
distribution, leading to small curvatures or bending moments. However, the main 
problem associated with integral bridge construction is the effects of thermal heating 
and cooling of the deck causing the bridge deck to expand and contract as temperature 
fluctuates. Emerson (1973a) stated that bridge temperature is influenced by shade air 
temperature, solar radiation and windspeed, and that temperature is, in general, not 
uniform throughout the deck. To combat this Emerson proposed the concept of the 
EBT, which was correlated to the easily measured shade air temperature.  
EBT varies both daily and seasonally, leading to the schematic shown in Figure 
3.1, illustrating how the minimum and maximum EBT relate to the time of year. It also 
shows how the daily temperature variations relate to the seasonal maxima and minima.    29 
The work by Emerson was implemented in BD37/01, Loads for Highway 
Bridges (Highways Agency, 2001), whereby minimum and maximum values of shade 
air temperature are found for a location in the United Kingdom. This is then converted 
to a minimum and maximum EBT by accounting for the construction type. Application 
of equation (3.1) allows the total change in bridge length to be calculated. 
 
  ∆L = Lo×α×∆T              (3.1) 
 
where ∆L is the change of length of the structure, Lo is the original unrestrained length 
of the structure, α the coefficient of thermal expansion of the structural material and ∆T 
is change in EBT. 
 
3.1.1 Mode of bridge movement 
 
While Emerson proved that bridge temperature would result in changes in the length of 
deck, it was postulated by Card and Carder (1993) that this could be accommodated by 
deck deflection rather than movement at the abutments. Darley and Alderman (1995) 
monitored bridge deck levels on two integral bridges situated on the M1 and found 
deflections to be very small, disproving this theory. Subsequent investigations showed 
that a shallow abutment bridge moves by translation (Lawver et al., 2000 and Darley et 
al., 1996), and deck movement of an embedded abutment is accommodated by flexure 
and rotation (Barker and Carder, 2000). 
Further to this, Biddle et al. (1997) showed that retained soil provides very little 
restraint to thermal expansion of a bridge in service. They found that the restrained deck 
expands about 90% of the free amount. 
 
3.2 Earth retaining structures 
 
The major area of interest in the research is the lateral soil stress which acts on an 
integral bridge abutment. To investigate the soil stress acting on an abutment the soil 
stress coefficient, K, can be considered. This coefficient is the ratio between the 
horizontal and vertical stress (σh and σv respectively) acting on the abutment: 
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When a structure is wished into place with no relative movement of the soil an element 
of soil in the mass remains undisturbed, or ‘at rest’, and Jaky’s relationship applies 
(Jaky, 1948). The vertical stress, reliant on the overburden stress, induces a horizontal 
stress and the coefficient Ko is the ratio between these stresses, calculated as:  
 
  ' sin 1 0 φ − = K               (3.3) 
 
where φ’ is the effective friction angle of the retained material. The coefficients of soil 
stress, and therefore the lateral soil stresses themselves, are bounded by theoretical 
limits. The active stress is the minimum value of lateral stress which can act on the 
abutment and is found using the ratio Ka, which is the coefficient of active soil stress: 
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When the wall is displaced into the soil there is an increase in the magnitude of lateral 
earth stress. The maximum stress to which the wall can be subject to immediately 
before failure, due to heave, is the passive limit. At this point the ratio of vertical and 
horizontal stresses is given using Kp, which is the coefficient of passive soil stress. 
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Due to the nature of integral bridge behaviour it is important that these terms are 
defined as they are used throughout the research. 
 
3.3 Field monitoring of integral bridges 
 
One of the major areas of research into integral bridges has been the use of field 
monitoring to investigate lateral soil stress profiles and abutment displacements which 
occur due to integral bridge loading. These are discussed here.   31 
3.3.1 Initial in-service monitoring by Transport Research Laboratory 
 
Transport Research Laboratory (TRL) has carried out field monitoring on four integral 
bridges in the United Kingdom. These include a shallow integral bridge, a portal frame 
abutment bridge, an embedded abutment bridge, and a frame bridge with abutments 
pinned at the base. The monitoring of these bridges has been published in several papers 
and reports (Barker & Carder, 2000, Barker & Carder, 2001 and Darley et al. 1996 and 
1998). Table 3.1, at the end of the chapter, details the main features of the bridges. 
The design life of a bridge in the United Kingdom is 120 years. Throughout its 
lifespan an integral bridge will be subject to temperature loading, and therefore the 
retained soil will undergo cyclic loading caused by movement of the abutments. This is 
a long term problem which requires long term monitoring. The field monitoring carried 
out by TRL typically lasted 2.5 to 4 years, including the construction phase.  
 
Data collection was similar on all the bridges considered and included: 
 
•  Abutment Movements – measured using inclinometer tubes 
•  Deck Length– measured using inclinometer tubes 
•  Abutment Strains – measured using strain gauges attached to the reinforcing 
cage 
•  Deck Strains– measured using strain gauges attached to the reinforcing cage 
•  Deck Temperature- measured using thermocouples in the deck 
•  Lateral Earth stress – measured using pressure cells installed on the retained face 
of the abutment 
 
The findings of the field monitoring show that in terms of bridge deck behaviour, all 
bridges acted as expected. In line with BD37/01 (Highways Agency 2001b), the 
coefficient of thermal expansion was approximately 9×10
-6/
oC (Barker & Carder, 2000) 
for a concrete with limestone aggregates. Section 3.1.1 discussed that a restrained 
bridge deck expands a similar amount to a free deck. The field studies confirmed that 
the deck expanded or contracted relatively freely with minor resistance from the 
abutment and soil. However, Barker and Carder (2000) noted that the stiffer abutment 
did provide greater restraint than a flexible one.    32 
Creep and shrinkage are factors which must be considered in the design of 
bridges and were considered within the field testing. Measurements of lateral movement 
of the abutments during the construction period generally indicated a net shortening of 
the deck associated with creep and shrinkage deformation, as well as expansion and 
contraction of the deck due to temperature changes (Barker & Carder, 2000). Such 
mechanisms would have the effect of reducing lateral soil stress as creep and shrinkage 
act to shorten the deck. This highlights the need to study lateral soil stress in the long 
term, as the bridge behaviour after the effect of creep and shrinkage has ceased may be 
unknown. 
The embedded abutment retaining in situ soil was installed with pressure sensors 
on the retaining face of the wall which unfortunately failed during construction. In all 
other cases they worked as expected and, after backfilling, measured lateral soil stresses 
consistent in magnitude to ‘at rest’ stresses predicted using Ko. During this phase, short 
term strain changes in the structural elements showed correlation with applied loading. 
Lateral stress acting on the abutments changed with temperature, reaching peak values 
in the summer where they rose to a value slightly above the ‘at-rest’ values. With the 
deck contraction in winter the measured lateral soil stress decreased significantly, 
approaching the active state.  
The research contained in this thesis concentrates on full height abutments. 
However, it is worth briefly considering the shallow integral abutment in Glasgow that 
was monitored for 4 years after the opening of the bridge (Darley et al., 1998). Darley et 
al. postulated that comparing measurements on two days with the same temperature in 
two successive years could provide an indication of the build-up of lateral stress.  When 
this was done it was noted that there was a small increase in the lateral stress measured 
on the shallow abutment.  The authors state that a much longer monitoring period than 
that adopted is required to investigate further the change of lateral stress profile with 
time. 
 
The monitoring by TRL has long been viewed as important in terms of understanding 
the behaviour of integral bridges. While this is true, it is obvious from the reported 
findings that the TRL bridges could have provided much more information, with greater 
value, had monitoring been continued for a longer period. 
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3.3.2 Further site monitoring by Concrete Bridge Development Group 
 
As noted by Darley et al. (1998), the timescale of the work by TRL was not sufficient to 
allow the long term effects of cyclic movements of the integral bridges to be fully 
investigated. In 2004, the Concrete Bridge Development Group (CBDG) re-
commissioned the existing instrumentation at the TRL sites (Barker & Carder, 2006). 
When monitoring recommenced the bridges had been in service between 4 and 7 years. 
It was reported that shrinkage and creep which were evident in the initial 
monitoring period appeared to be now insignificant. It was also noted that stress profiles 
remained similar in shape to those found during the initial monitoring. The report notes 
that further long term monitoring is essential to investigate whether stresses have 
peaked or whether they continue to rise. Between the TRL and CBDG monitoring 
periods the instrumentation was not in use, therefore the gap in data means that it is 
difficult to make judgements with regard to trends. 
 
Figure 3.2 shows the peak lateral stress measured at each cell for the year 2004/05 at the 
Manchester bridge (the second bridge in Table 3.1). This shows: 
 
•  Based on BA42/96 (Highways Agency, 2000a) measured 2004/05 peak stress 
was much less than that predicted using K* for 2004/05 (based on maximum 
change in EBT during the year) or K* for the 120 year return period. 
•  The shape of peak soil stress measured does not match the BA42/96 predicted 
profile, with it being less than estimated at greater depths. It is closer to the 
shape found by Tapper and Lehane (2004) and proposed in the new design 
guidance discussed in Section 2.2. 
•  The report recommends reducing K* over top ⅓ of the retained height. 
 
Figure 3.3 shows the peak lateral stress measured at the Bramham site showing: 
 
•  The measured peak stresses are near design values at the top of the abutment – 
ignoring the cell at -2.5m for profile 1 assumed to be erroneous. 
•  Design values are conservative below the second uppermost pressure cell. 
•  It is postulated that shrinkage and creep have only just completed.   34 
 
The CBDG report that the 7 years in service is insufficient time to draw any major 
conclusions, although no problems have been identified with the performance of the 
bridges. The differences in coefficient of thermal expansion of the bridges indicated that 
using aggregates with low coefficient of thermal expansion can give considerable 
advantages, but further case histories of long term monitoring would be advantageous 
for all types of bridge. 
 
3.3.3 Field monitoring outwith the United Kingdom 
 
There are a number of integral bridges around the world which have been instrumented 
by various agencies with a view to gathering data which can be used in the design of 
such structures. However, most of this work has focused on shallow abutment bridges 
which are common around the world. The limited monitoring which is directly 
applicable to the type of bridge considered in this research is discussed here. 
During the 1970’s, two long integral bridges were monitored by Broms and 
Ingleson (1971 & 1972) in Sweden. The first was a 150m long rigid frame concrete 
bridge with an abutment 2.2m in height backfilled with uniform sand. The 
measurements showed that as the wall moves away from the fill, as happened in winter, 
the active stress limit is reached. When the abutment is forced into the fill the lateral soil 
stress increases rapidly to a value sometimes in excess of the predicted theoretical 
passive limit. It was noted that the profile was triangular when the abutment was 
translated, and parabolic with rotation. 
The second bridge investigated by Broms and Ingleson (1972) had a 110m long 
concrete deck, abutments 8.25m high and backfilled with material containing sand and 
gravel.  The measured soil stress coefficient was found to drop to the active state and 
even to zero in the winter when the deck contracted.  In the summer, the soil stress 
coefficient was raised to a value above the ‘at rest’ stress value, but not as high as the 
passive stresses occurring at the first bridge considered by the researchers. 
In the United States of America, field monitoring was carried out in the state of 
Maine by Sandford and Elgaaly (1993). The bridge was 50m long with 20° of skew, and 
abutments which were constructed with steel legs encased in concrete and backfilled 
using a material which consisted of coarse to fine sand and gravel. The results of the   35 
work showed the measured lateral soil stress changes were in general agreement with 
those of Broms and Ingelson (1971). In addition, it was found that the lateral stresses 
vary more horizontally in plan across the back of the abutment than vertically, due to 
the bridge skew. This highlights the lack of knowledge that exists with regard to skew 
bridges. 
Also in the United States of America, an integral bridge in New Jersey was 
monitored by Hassiotis et al. (2005). Although a shallow abutment bridge supported on 
a single row of piles, the bridge has an abutment height of 3.34m, large enough to 
develop significant lateral stress. The bridge was monitored for 2 years and results show 
a build up of lateral stress in excess of the theoretical passive limit during the summer 
months. Hassiotis et al. attribute this to plastification and flow of the granular material. 
They also note that jumps occur in the lateral stress profile after the winter months, and 
explain this with two possible mechanisms. The first is that during spring as the 
temperatures start to increase, the bridge is being forced into frozen or semi-frozen 
ground with high resistance to movement, and the second is that during low 
temperatures the bridge moves away leaving a gap which is filled by the backfill. 
Hassiotis et al. (2005) propose more work to define which of these mechanisms is 
responsible, but do not report their proposed methodology. 
Moore (1985) reports on the lateral stresses occurring behind a conventional full 
height spill-through abutment. This is of interest for integral bridges due to the fact that 
the bearings and expansion joints in the bridge did not function as designed. This, in 
effect, created an integral bridge with 9m high abutments and a span of 78m. The bridge 
was backfilled using fine sand compacted behind the abutments. The stresses acting on 
the abutment were found to vary closely with seasonal temperature variations. In the 
first summer after opening, lateral stress in excess of the estimated passive limit was 
observed. 
Semi integral bridges are used as an alternative to integral bridge construction, 
as discussed in Section 2.1.2. Theoretically, the inclusion of the bearings ensures 
changes in deck length do not change the lateral soil stress acting on the abutment. In 
the USA, a semi integral bridge in Virginia was monitored for a period of 2.5 years 
(Hoppe et al., 1996).  This is a two-span composite steel girder structure with a semi 
integral abutment, retaining uniformly graded granular material. The bridge span is 98m 
and the retained height of the end screen was 1.5m, with a seasonal temperature range 
of 56
 oC. Hoppe et al. observed that the lateral earth stress behind the abutment end   36 
screen varied considerably on a daily basis, in response to daily temperature changes, 
and full passive stresses were recorded during the summer.  Granular material was 
adopted because of its low compressibility. However, excessive settlement became 
evident in the first year of the bridge opening.  
There have been other studies on integral bridges such as those of Civjan et al. 
(2007), Fennema et al. (2005), Shoukry et al. (2008) and Wing and Kowalsky (2005) 
which have looked at shallow abutments supported on a row of piles. The design 
practice used in the USA and worldwide was discussed in Section 2.3.1, but further 
discussion of these studies have been omitted as their primary interest is not the 
development of soil stress behind integral bridge abutments. 
 
Discussed here have been some of the in-service case studies which have been aimed at 
investigating the behaviour of integral bridges both in the United Kingdom and outwith. 
The main findings can be summarised as follows: 
 
•  Lateral soil stress profiles behind integral bridge abutments are reliant on deck 
displacement 
•  It is a long term problem which has not been adequately studied in the field to 
draw absolute conclusions 
•  In some cases full passive stress is observed 
 
It is notable from the literature that those bridges which are backfilled using sand or 
sand and gravel mixtures tend to achieve higher lateral stresses quicker than those in the 
UK where 6N/6P is used as a backfill. 
 
3.4 Laboratory testing 
 
The lateral soil stresses associated with integral bridge construction develop over a long 
period of time. While field monitoring provides a good insight into the bridges’ 
behaviour, researchers have used physical modelling techniques to negate the problems 
associated with difficulties such as time scale and creep. Small scale and centrifuge tests 
have been used to look at integral bridge behaviour at system level, and triaxial testing   37 
has been employed to consider the behaviour at element level. These are considered 
here. 
 
3.4.1 Small scale tests 
 
Integral bridge abutments have been researched by use of small scale testing, in 
particular the two test series discussed below. These have both aimed to investigate soil 
stresses and settlement occurring when an integral bridge is backfilled with granular 
material. The work of England et al. (2000, 2001 & 2002) was responsible for the 
changes between BA42/96 and BA42/96 incorporating amendment 1 (Highways 
Agency 1996 & 2000a).  
Both test apparatus consisted of an abutment pinned at its base, retaining 
granular fill represented by sand.  England et al. (2000) retained 520mm depth of sand 
with a 1140mm long chamber and Cosgrove and Lehane (2003) used a chamber which 
retained 1000mm of sand and was 2610mm long. In both experiments the abutment was 
300mm wide and described as ‘stiff’. Displacement was applied at deck level to 
represent bridge length changes caused by temperature. In the case of England et al. the 
relative density (DR) of the soil was 94.1±0.2% while Cosgrove and Lehane investigated 
a material with 21±2%.  
England et al. investigated three cyclic rotation magnitudes (d/H where d is the 
total thermal displacement from maximum expansion to minimum contraction and H 
the retained height) of 0.26%, 0.50% and 0.70%. Cosgrove and Lehane looked at cyclic 
rotation magnitudes of 0.12% and 0.32%. 
The result of the work by England et al. was that significant lateral stress 
increases occurred in the first 10 cycles. After this initial change, the rate at which 
lateral stress increased became considerably slower and then tended towards the 
development of a steady state condition, the value of which was related to the cyclic 
movement magnitude. Figure 3.4 shows this by plotting the development of the 
maximum soil stress coefficient, K, against cycles. The results reported by Cosgrove 
and Lehane are in direct contrast to this. Analysis of the maximum lateral soil stress 
coefficient, shown in Figure 3.5, displays a tendency to increase progressively towards 
the passive limit and no steady state value is found (H is the retained height and z the 
depth from the retained surface).   38 
England et al. noted that soil settlement occurred throughout all cycles without 
any indication that a steady state was being approached. Cosgrove and Lehane reported 
similar trends, indicating that the settlement trough which develops behind the abutment 
in such a setup is largely independent of the relative density of the backfill and the 
degree of compaction prior to cycling beginning. 
It is important to consider that the experiments by England et al. (2000, 2001 & 
2002) and Cosgrove and Lehane (2003) were small scale models tested under normal 
gravity loading. In such an experimental design the vertical stresses due to overburden 
are much lower than would be found in the in-service case. The stress-strain behaviour 
of soil in the actual case is unlikely to have been replicated in these tests, since the 
confining stress has a significant effect on the soil behaviour, with soils displaying 
stiffer behaviour under high confining stress. England et al. account for this by way of 
comparing the stress-strain relationship of sand during monotonic plane strain testing 
under two different confining stresses. From this they derived a technique to scale down 
the experimentally obtained soil stress coefficient. 
 
While England et al. and Cosgrove and Lehane aimed to investigate bridges with full 
height abutments, the behaviour of granular materials behind shallow abutments of 
integral bridges has been researched by Goh (2001) using small scale testing. Using a 
series of tests on 1:15 scale model walls under normal gravity, with Leighton Buzzard 
sand backfill, it was concluded that a shallow or bank seat abutment at the end of a short 
bridge would not develop full passive earth stresses.  
The experiment was extended to investigate compressible material behind the 
abutment. This demonstrated that the lateral earth stress on the abutment, and 
settlement, could be reduced by incorporating a thin layer of flexible material between 
the abutment and the backfill.  
 
3.4.2 Centrifuge tests 
 
As discussed in Section 3.4.1, small scale tests are of arguable value due to the lower 
overburden stress than would be experienced in service. One method of overcoming this 
is to carry out centrifuge tests, where centrifugal forces are introduced to model 
gravitational effects equivalent to that of the prototype being considered.    39 
Springman et al. (1996) used the centrifuge method to investigate both an 
embedded abutment and a spread footing abutment. This experimental investigation was 
the main basis for the original BA42/96 (Highways Agency, 1996). The abutment, both 
stiff and flexible, retained Leighton Buzzard sand, with an equivalent prototype particle 
size of the order 5 to 9mm, and had stress measurements taken at depths of 1/3 and 2/3 
of the retained height. No differentiation was made between the soil behind a spread-
base or embedded abutment although, as discussed in Section 2.1.1, these would likely 
in practice be different materials with different properties and behaviour. Tapper and 
Lehane (2004) investigated an abutment with a pinned base using the centrifuge 
method. Sand was used to model the granular material with the equivalent prototype 
particle size of 3.6mm. 
Springman et al. investigated cyclic rotation magnitudes which modelled both 
small and large cyclic thermal movements, where d/H was in the range 0.10% to 2.00%. 
With this range Springman et al. aimed to investigate daily, serviceability state, annual 
and 120 year return period cycles for both a spread base and embedded abutments. 
Tapper and Lehane investigated three cyclic amplitudes of 0.10%, 0.40% and 1.26% in 
their test procedure. 
Springman et al. (1996) noted that the increase of peak soil stress coefficient 
appeared to be insignificant under small cyclic movements, but became considerable 
under large cyclic displacements. This was the case for both abutment types studied. It 
was reported that lateral stress build up was especially notable during the first 20 cycles, 
only increasing very slightly after this, as illustrated by the plot of maximum soil stress 
coefficient against cycles shown in Figure 3.6. The findings of Tapper and Lehane 
generally agreed although the number of cycles applied, 1000 cycles compared to the 
100 of Springman et al., indicates that lateral stresses increase until the passive limit is 
reached as Figure 3.7, which shows maximum soil stress coefficient against cycles, 
illustrates (H is the retained height and z the depth from surface).  
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Table 3.2 Summary of small scale and centrifuge tests 
 
 
Test 
Retained 
Height 
(m) 
Retained 
Length 
(m) 
Width 
(m) 
D50 
(mm) 
Relative 
Density 
(%) 
 
d/H (%) 
 
Type 
England et al.  0.52  1.14  0.3  -  94.1±0.2  0.26, 0.50 and 
0.70 
Small 
Scale 
Cosgrove and 
Lehane 
1.00  2.61  0.3  0.22  21±2  0.12 and 0.32  Small 
Scale 
Springman et al. 
(Embedded) 
0.10  0.282  0.19  0.09 - 
0.15 
35 to 97  0.10, 0.20 and 
0.50, 1.00 
Centrifuge 
(60g) 
Springman et al.   
(Spread Base) 
0.12  0.282  0.19  0.09 - 
0.15 
23 and 83  0.20, 0.40 and 
1.00, 2.00 
Centrifuge 
(60g) 
Tapper and 
Lehane 
0.20  0.530  0.20  0.18  46 to 53  0.10, 0.40 1.26  Centrifuge 
(20g) 
 
Note: d is the total thermal displacement from maximum expansion to minimum contraction, H the retained height and 
D50 the mean particle size. 
 
Table 3.2 provides a summary of the small scale and centrifuge tests. Comparing the 
England et al. (2000) and Cosgrove and Lehane (2004) tests, and those between 
Springman et al. (1996) and Tapper and Lehane (2003), the ratio between retained 
height and retained length is comparable in all cases. Similarly, the width of abutment 
considered in the two small scale and two centrifuge tests is alike. This indicates that 
the test rig size is not responsible for the different development of maximum soil stress 
coefficient noted. In addition, the tests cover a similar range of rotational magnitudes 
and relative densities. In the Springman et al. and Tapper and Lehane tests the mean 
particle size at prototype scale was 7.2mm and 3.6mm respectively, a significant 
difference. England et al. do not report the mean particle size, but if significantly 
different to that of Cosgrove and Lehane it could account for the different behaviour. 
 
3.4.3 Cyclic strain testing  
 
While small scale testing, centrifuge tests and field monitoring provide an insight into 
the abutment system behaviour, more thorough testing was required to gain a 
fundamental understanding of soil behaviour under cyclic integral bridge loading. Xu 
(2005, also reported in Clayton et al., 2006 and Xu et al., 2007) developed a method to 
study an element of soil under integral bridge loading. This investigation of the 
fundamental behaviour was not possible using small scale or centrifuge tests. Both 
granular material and clay were considered, and while the latter is discussed briefly, the 
research here is concentrated on granular backfill and this is the focus.   41 
Behaviour of granular material 
 
Xu (2005) adopted radial strain-controlled cyclic triaxial tests to investigate the soil 
behaviour, cycling the triaxial cell to represent an element under the loading caused by 
bridge displacement. A stress path typical of that for an element of soil behind a smooth 
integral abutment was implemented in the testing. The vertical cell stress was kept 
constant to model the overburden stress for a typical mid-height element at 4m depth, as 
shown in Figure 3.8. Leighton Buzzard sand was used to represent the granular backfill 
with the specimens being brought to ‘at rest’ stress state prior to cycling. This ensured 
that the element experienced a typical stress history as found in service. Various strain 
ranges and initial densities were considered to ensure that a range of bridges with 
different soil conditions were investigated. 
The results of Xu found that behaviour was non-linear and non-symmetric. As 
the sample was compressed the measured horizontal stress increased, and conversely 
upon triaxial extension returned quickly to the active state. When this was repeated for 
the same radial strain range in the following cycle the maximum horizontal stress was 
found to increase, as shown in Figure 3.9.  
Xu used the experimental data to derive the ratio of horizontal to vertical stress, 
K. Figure 3.10 shows the build up of Kmax, the maximum ratio during a cycle, for a test 
with initial relative density of 70%. From this it can be noted that Kmax continues to 
increase with cycles without stabilising. Xu shows that this is the case in all the tests, 
regardless of initial relative density or proximity to the passive limit. In contrast, the 
work of Springman et al. (1996) showed that the rate of change of  Kmax decreased 
considerably after the first 20 cycles.  
During cycling it was noted that the soil volume decreased considerably, as 
shown in Figure 3.11. The soil densifies until a maximum value is reached, at which 
point it starts to dilate as shown in Figure 3.12. This is comparable with the monotonic 
behaviour of granular material as discussed by Bolton (1979). As the testing was radial-
strain controlled, the magnitude of change in axial strain during a cycle varied for all 
cycles to account for the change in density measured by Xu, as density and strain are 
directly related. When the soil dilated, it was noted that it had no influence on the value 
of Kmax which continued to increase in line with its trend prior to dilation. 
Xu used gathered data to plot the secant horizontal Young’s modulus of the soil, 
as shown in Figure 3.13, which also had the same trend before and after dilation. This   42 
shows that the soil stiffness increases with cycles and the behaviour remains the same 
regardless of whether densification or dilation occurs.  
Section 3.3.3 discussed field tests where the theoretical monotonic limits of 
passive stress have been breached. While this is likely due to wrongly estimating the 
effective friction angle (φ’) or problems with the accuracy of pressure cells, Xu (2007) 
discussed the evolution of φ’mob with cycles, and noted that triaxial testing tended to 
underestimate the value of φ’ in comparison to the plane strain condition found in the 
field (Cornforth, 1964). For all tests Xu estimated φ’mob prior to cycling using Jaky’s 
relationship (Jaky, 1948), and during cycling assuming the active phase had been 
reached. When all cycles of radial strain range had been applied to a sample Xu used 
monotonic shearing to calculate the friction angle at failure (φ’f). Xu observed that 
values of φ’mob increased during cycling with all specimens, but noted that lower 
relative densities do not mean lower values of φ’mob. For example, φ’mob increased from 
30° to 40° for the loose sand specimen under cycling, while a corresponding change in 
relative density of 18% to 48% was noted. In comparison, the dense specimen with a 
relative density of 70% had a mobilised friction angle of 35°. This behaviour indicates 
that densification is not the only factor influencing the lateral soil stress increase acting 
on integral bridge abutments. 
This finding prompted Xu to investigate the behaviour of granular soil further. 
Using a loose sand specimen, three more tests were carried out: 
 
•  Cycling between, but not reaching, the active limit and isotropic line 
•  Cycling across the isotropic line (not reaching the active limit) 
•  Cycling only reaching the active limit 
 
While in all three tests the sand densified, Xu found that in the first two tests a steady 
state was reached; a typical example is shown in Figure 3.14. In the third test however, 
shown as Figure 3.15, lateral stress increased in a similar manner to the previous tests 
already discussed. From this, Xu deduced that progressive increase in passive stress can 
only occur if the active limit is reached during cycling.  
The work of Skinner (1969) showed that rolling of particles occurs when a 
granular material reaches the active limit, and Xu postulated that rolling of the non-
spherical sand grains could have a significant influence on the element behaviour. To 
test this theory Xu used glass ballotini in the same system. It was found that under the   43 
same loading conditions, no build up of horizontal stress occurred and that stiffness, 
while variable during a single cycle, remained constant with cycles. This allowed Xu to 
conclude that the stress build up was primarily due to readjustment of the soil fabric due 
to rolling/sliding effects of non-spherical particles close to the active state. This is a 
significant finding as it shows the fundamental behaviour of the soil, something which 
previous studies had not achieved. 
In the context of field measurements, as discussed in Section 3.3, it could be 
considered that the uniform sand particles behind the non-UK bridges rotate more easily 
than the 6N/6P used for backfill in the UK bridges. This would lead to lateral soil stress 
increasing more rapidly, as has been noted. This is further supported by considering the 
settlement troughs behind the bridges. TRL and CBDG report no problems with 
settlement in the field in the UK, whereas tests carried out with sand (England et al., 
2000 & 2001, Springman et al., 1996) and reports from the USA (Burke, 1993) report 
notable settlement. Bridges backfilled with sand or gravel, such as those discussed by  
Broms & Ingleson (1971) and Moore (1985), developed fully passive stress a relatively 
short period into the bridge life span whereas those monitored by TRL, with 6N/6P 
backfill, do not. However, the fundamental behaviour of the two granular materials may 
not be different and in the long term, 6N/6P may well behave as the sand but until 
monitoring is carried out for a suitably long time this cannot be confirmed. This is 
supported by the work of Lehane et al. (1999) who compiled a database where under 
monotonic loading the stiffness of granular material was found to be independent of 
granular material type and mean particle size. This is discussed further in Section 6.4.1. 
 
Behaviour of clay 
 
Although this research concentrates mainly on granular soil, Xu also considered 
samples of undisturbed heavily overconsolidated stiff clay. It was important that the 
samples were undisturbed to ensure that the true response of the material, as close as 
possible to the in situ state, was found and not affected by external influences which are 
not part of the geological process. 
Xu carried out the same triaxial tests as for the granular soil and the results show 
that for the clay, each radial strain excursion led to a change of horizontal stress as 
shown in Figure 3.16, the magnitude of which depended on the cyclic radial strain 
range. Considering cyclic strain excursions, the soil stress-strain relationship became   44 
identical and repeatable for each cycle. The sample had then entered a resilient state. 
There was no perceptible accumulation of deviator stress after a number of cycles and 
the maximum total lateral stress in each cycle was unchanged and not influenced with 
the increasing number of cycles.  
This finding highlights a major flaw in BA42/96 (Highways Agency, 2000a), in 
that it treats in situ clay and backfilled granular material the same. The code allows 
estimation of lateral soil stress profiles based on granular material. While granular 
material stresses build up with cycles, this is not the case with in situ clay. The Jardine 
constitutive model for soil (Jardine et al. 1986 & 1991) would allow this type of 
behaviour to be modelled, but as no case histories exist for validation purposes, bridges 
retaining stiff clays were not considered further in this research. 
 
The centrifuge and small scale tests provide an insight into the behaviour of integral 
bridge abutments, although the problems associated with experimental design must not 
be ignored. They allow an investigation of the long term bridge behaviour at system 
level, which was not practical considering the field testing. However, understanding of 
the fundamental behaviour is only possible due to the triaxial testing. Considering the 
soil at element level allowed this behaviour to be defined and understood. It is this 
behaviour that will be used in this research to develop a soil model for soil. 
 
3.5 Numerical modelling 
 
The integral bridge problem is unique. For this reason relatively little in the way of 
numerical modelling has been attempted. The limited attempts can be classified as 
either ‘spring stiffness’ models or continuum models as discussed here. 
 
3.5.1 Winkler springs 
 
The use of ‘Winkler springs’ or ‘spring stiffness’ to represent the soil continuum behind 
the abutment has been a method used by many researchers. Implementation of this 
method involves modelling the soil as a series of spring elements, aimed at representing 
the true response of the soil. Typically, non-linear springs are used to represent the non-
linear behaviour of the soil. The springs are assigned stiffnesses, using p-y curves, to   45 
model the stiffness of the soil stratum at the particular depth.  The p-y curves are based 
on pushover tests, such as that of Clough and Duncan (1990), which have been adopted 
by both the AASHTO Standard Specifications for Highway Bridges (1992) and the 
American Iron and Steel Institute (1996) guidance. A pushover test applies a lateral 
dynamic load to the head of a pile, and the displacements resulting are measured. This 
allows a relationship to be determined between the load, p, and displacement, y, at 
various locations down the pile. This is done for a range of pile types in various soils.  
This has proven a useful and efficient model with which to model integral 
bridges in the USA. The problem exists that p-y curves are developed for piles and not 
abutments. In the USA, where abutments are generally very shallow and founded on 
piles, this is not a major issue, but it makes the method non-transferable to the full 
height abutments often used in the United Kingdom. Even in the USA this method is 
not without its critics. It is viewed as unrealistic, as it doesn’t allow for the fact that 
movement at one level causes changes in stress at other locations. However, various 
comparative studies between instrumented bridges (Abendroth and Greimann, 2005; 
Arsoy et al., 2002; Kerkowski, 2006; Huang et al., 2004) both in the USA and 
elsewhere have shown the method works relatively well. Other researchers, for example 
Dicleli (1998), Arockiasamy et al. (2004) and Thippeswamy et al. (2002), have 
implemented this approach to further study shallow abutment integral bridges. 
As a tool for research and improving understanding of the problem, this method 
is of very limited use. The springs do not allow sufficient knowledge of the soil 
behaviour to be gained and for this reason this method will not be considered further. 
 
3.5.2 Continuum models 
 
Continuum models require that both the soil mass and structure are modelled. The 
structure is typically modelled as an elastic material with the properties of the physical 
structure being modelled. The boundaries of the soil are located sufficiently far away to 
ensure they do not interfere with the results in the area of interest. Similarly, the 
restraints at the boundary are set to ensure they have no impact at the structure being 
considered. Unlike the ‘Winkler spring’ method, the soil mass is modelled explicitly 
using elements with a behaviour as defined by a constitutive model. Constitutive models 
are mathematical representations of the soils’ stress-strain behaviour, used in the finite   46 
element method or finite difference method. Since the advent of computational 
methods, many different constitutive models for soil have been developed. These 
capture the essential pre-failure, failure and post-failure behaviour of the soil. 
Using various model frameworks researchers have attempted to model integral 
bridges. A discussion of the frameworks of the models adopted and the integral bridge 
modelling will be discussed here. 
 
Elastic – Perfectly Plastic Model 
 
The Mohr-Coulomb model is an example of an elastic perfectly plastic model 
commonly used to represent soils. The model stress-strain behaviour is linear in the 
elastic range and behaves perfectly plastic with the onset of failure, i.e. no increase in 
stress with increasing strain. This is implemented using Hooke’s law for the linear 
elastic range, requiring Young’s modulus and Poisson’s ratio to be defined. The failure 
criterion typically requires the definition of friction angle and cohesion. 
Plastic behaviour is reliant on the use of a flow rule which defines the 
development of plastic strains. The flow rule can either be associated where the plastic 
potential function is the same as the yield function, or non-associated where they differ. If 
the latter is adopted the angle of dilation requires definition. When a perfectly plastic 
model is adopted, there is no account taken of strain hardening or softening of the 
modelled material. It is therefore not appropriate for modelling the influence of cyclic 
loading on a material behaviour.  
This type of model was implemented by Muir Wood (1999) and Muir Wood and 
Nash (2000) to analyse an integral abutment pinned at the base. They drew the 
conclusion that the development of lateral soil stress was mainly controlled by the pre-
failure stiffness of the backfill material.  
A similar model was developed by Lehane et al. (1999) where the soil was 
modelled as an elastic continuum of uniform stiffness. The whole bridge was modelled 
with the temperature induced expansion simulated by imposing an increase in stress 
consistent with a single expansion cycle of the bridge deck.  
As discussed, the Mohr-Coulomb model can only be used to investigate 
monotonic loading and is unable to replicate the hardening behaviour under cycles 
found by Xu (2005). The results obtained in either investigation were not compared   47 
with field data, but it is doubted whether it would be accurate due to nature of the model 
adopted.  
 
 
Elastic –Plastic Model 
 
The elastic-perfectly plastic behaviour described is limited in its ability to capture the 
post-yield behaviour of a soil. However, an elastic – plastic model can provide a more 
general representation of soil behaviour, for example the Cam Clay model. When a soil 
is under load it never responds in a purely elastic way - it is subject to both elastic and 
plastic deformation, and the development of a suitable soil model requires a relationship 
which separates these components. This may be achieved using a yield locus located in 
a shear stress – normal stress space. Within this surface the soil behaves in an elastic 
fashion. Conversely, if the stress state lies outwith this locus, plastic deformation of soil 
occurs. Classical plasticity theory requires that the stress state must remain inside the 
yield locus. To accommodate this, when the stress path tries to ‘cross’ the yield locus, 
the locus expands. This expansion, or contraction, causes yielding of the soil. If 
unloading occurs, the stress state plots inside the yield locus and the soil behaves 
elastically. Elastic - plastic constitutive models help distinguish between the recoverable 
and irrecoverable deformations for understanding the stress strain behaviour of soil 
during loading and unloading.  
  This concept can be extended further to achieve models appropriate for complex 
situations. Combination of the yield locus with the Critical State Line in the Cam-Clay 
model allows the model to differentiate between yielding and ultimate collapse. Soil 
undergoing shear deformation can pass through a yield locus without collapse. The soil 
continues to deform until the stress state plots on the Critical State Line and the 
condition of perfect plasticity, as discussed above, applies. 
 
Strain - dependent Models 
 
 
The Brick model (Simpson, 1992) is a strain-dependent model which aims to represent 
small strain effects in stiff clays. Plotting in strain space using volumetric and shear 
strain axes, at very small strains elastic behaviour is observed, and the soil is very stiff. 
As strain develops, yield occurs to provide the onset of plastic behaviour. This onset   48 
coincides with a drop in the overall stiffness of soil. As straining continues, further 
plastic strains develop and the soil stiffness decreases further. 
  The name Brick is derived from the authors’ proposed analogy to the system. 
This is of a man walking around a room pulling behind him a series of bricks each on a 
separate string. The man represents a point in strain space and the bricks represent the 
current plastic strains in proportions of the soil within the element. The elastic state is 
represented by the difference between the movement of the man and the sum of 
movements of all the bricks.  
A moving man not accompanied by a moving brick represents elastic strain. If 
he continues to walk, the bricks one by one (representing decreasing soil stiffness) line 
up behind him, which represents the plastic strain condition. When all the bricks are 
moving by the same amount as the man, the strains are entirely plastic. If the man 
reverses his direction of walking, the bricks do not initially move i.e. elastic strain 
occurs. As he continues the bricks gradually begin to move again. Using this analogy, 
the dependency of soil stiffness on the level of soil strain is modelled in a stepwise 
fashion. The elastic behaviour with high stiffness is the initial condition. There is a step 
drop in stiffness associated with each brick movement. The difference in length of 
strings represents the distance between plastic strain steps and the height of the step 
indicates the proportion of material represented by each of the bricks. This is illustrated 
in Figure 3.17. 
Although this framework is a different approach to that of the elastic – plastic 
models, a failure criterion similar to that for the elastic – plastic models is still required. 
For example, a strain-dependent model was proposed by Dasari (1996) which relied on 
the Modified Cam Clay model to represent behaviour on the yield surface. However, in 
a manner similar to the brick model, inside the yield locus the soil stiffness is dependent 
on the level of the deviatoric strain.  
Springman et al. (1996) adopted the Brick (Simpson, 1992) model to replicate 
their centrifuge tests in sand. The Brick model was adopted as they believed that it 
captured important aspects of the soil’s behaviour at small strain. They realised that it 
was limited in its ability to simulate the continuing increase in soil stiffness and 
volumetric strain at a reducing rate which they had noted in the experimental tests. Both 
the embedded and spread base abutment was modelled. 
A plane strain finite element model was used to replicate the centrifuge tests. 
Rather than placing boundaries far away from the point of interest as would normally be   49 
adopted, the boundaries were used to replicate the sides of the centrifuge box. The 
abutment, which was ‘wished in place’, was modelled using linear elastic elements.  
The findings of the analysis show that the backfill behaviour was similar to that 
observed in the physical tests. However, it was noted that shear and volumetric strains 
observed in the centrifuge tests and FE analysis were not compatible. Springman et al. 
(1996) postulate that as greater repacking and particle realignment occurs in practice, 
this leads to greater shear and volumetric strains which cannot occur in the FE analysis 
due to the constitutive model being used. This hypothesis corresponds with the noted 
greater length of settlement zone and heave which occurred in the centrifuge tests. 
Springman et al. (1996) found a comparison of the lateral stress profiles difficult 
to make as the data from the centrifuge tests was limited.  However, it was noted that 
the FE analysis significantly over-estimated the lateral stress found in the centrifuge 
tests when considering the passive phase. The main structural responses were also 
considered. Translation in the FE analysis was less than the centrifuge tests measured. 
The bending moment predicted by the FE analysis is considerably less than the 
measured values obtained in the centrifuge tests. 
Notable was that most of the discrepancy between the FE analysis and 
centrifuge test occur in the static condition and initial cycles, where the Brick model (a 
kinematic hardening model) should be effective. The authors state that more work 
would be required to find out why the discrepancy occurs for the bending moment and 
lateral soil stresses. 
Analyses of these results show that when comparing the physical tests to the 
model, translation was less in the FE analysis, and therefore flexure must have been 
greater to achieve the input displacement. Relative to the centrifuge tests, it would be 
expected that this would lead to higher lateral stress near the top of the wall and lower 
stress near the bottom. However, higher stresses occur for all cells. The bending 
moments corresponding to higher lateral stress would expect to be larger. However, 
they are lower indicating that the wall stiffness is lower than that of the centrifuge 
model. This would also have an influence on the relative translation and bending. 
This shows that choosing the correct soil model is crucial to ensure that the soil 
behaviour was replicated. The use of the brick model did not allow the soil behaviour to 
be properly modelled in this case. In particular, the fact that high shear strains could not 
be accommodated meant a slip plane could not develop. It is postulated that this led to 
the high lateral stresses and magnitude of soil heave and settlement being lower than   50 
expected. The conclusion drawn is that the Brick model should not be used when 
considering the behaviour of integral bridges.  
Three-Surface Kinematic Hardening Model is another strain-dependent model 
proposed by Stallebrass and Taylor (1997). This utilises multiple loci which move and 
expand during loading to allow the model to have a memory of the previous loading 
paths. Xu et al. (2003) used this to model an embedded abutment. The paper does not 
compare the results obtained with any data.  
 
Empirical  Models 
 
A semi-empirical constitutive model was developed by England et al. (2000) to 
simulate the interaction between the abutment and the sand. This was based on the 
results from their small-scale model tests.  
 
From these examples it is clear that while researchers have tried to model integral 
bridges using the finite element method, it has been unsuccessful due to no constitutive 
model being applicable to the unique situation. The findings of experimental work by 
Xu (2005) confirm this to be the case. Use of ‘Winkler springs’ has proven reasonable 
as a design tool in the case of shallow integral abutments, but is of limited use when 
considering full height abutment systems. 
 
3.5.3 Soil models to capture the cyclic behaviour of granular material 
 
The above summarises the framework of the models adopted by various researchers 
when considering modelling an integral bridge. While these can account for plastic 
behaviour and variation in stiffness, they do not capture the behaviour observed of soils 
behind integral bridges. Many models are available which attempt to capture the cyclic 
behaviour of materials. Current practice in soil modelling has not given rise to a single 
widely recognised model, or limited series of models, applicable to modelling a range of 
systems. Therefore, several of the existing models were investigated with reference to 
their applicability to the integral bridge problem, for example that proposed by 
Kabilamany and Ishihara (1991), Liang and Ma (1992), Ge and Sture (2002) or that 
available in the CRISP program by Britto and Gunn (1990). These were deemed to be 
unsuitable for use in the modelling for the following typical reasons:    51 
 
•  Aimed to reproduce response of clay subject to cyclic loading, not granular 
material 
•  Did not account for the hardening observed in the integral bridge problem 
•  Were not applicable to the strain range of the integral bridge 
•  Assumed vertical cyclic loading  
•  Were based on stress controlled tests, or did not account for the specific stress 
path determined by Xu 
 
With reference to granular materials, it was found that the models reviewed did not 
capture the rolling and sliding behaviour which Xu (2005) found to be so important. 
This supported the view of Xu that the integral bridge problem was unique. 
 
The models also tended to be based on complex frameworks in an attempt to capture 
material behaviour under cyclic loading, requiring a large number of parameters to 
define them. This makes them undesirable for use in this research which required that 
any modelling procedure be reproducible in a design office context. 
 
3.6 Summary 
 
In this chapter it has been shown that many researchers have taken an interest in the 
subject of integral bridges, with both laboratory and field data being collected. In 
general, both of these methods have had flaws, whether it be the timescale of 
monitoring or experimental design, which have led to problems being identified with 
the usefulness of the results gathered.  
It has also been noted that numerical modelling has been attempted but has been 
hampered by a lack of understanding regarding the fundamental behaviour or soil under 
cyclic loading, and the availability of a suitable model to represent this. The work of Xu 
(2005) allows the fundamental behaviour to be identified and allows advances in soil 
modelling to be achieved. 
  
 
 
 
Table 3.1 Summary of the integral bridges monitored by TRL 
 
No.  Bridge 
Location 
Total 
Deck 
Length 
(m) 
Deck 
material 
(Thickness, 
mm) 
Deck 
width 
(m) 
Abutment (thickness, 
mm) 
Retained 
height 
(m) 
Retained soil 
Length of 
monitoring 
period  
Reference 
1  Glasgow  60 
 
Concrete 
(700)  17  Shallow abutment with a 
spread base (900)  3.1  Well graded crush 
rockfill, φ
’=46
o  4 years  Darley et al. 
(1996, 1998) 
 
 
2 
 
 
40.7 
 
R/F 
Concrete 
(1700) 
 
Portal frame abutment 
with permanent prop  
4.5 m under ground level 
(1900 – caused by 
remedial works) 
9.5 
Granular backfill 
φ’peak =42
o 
φ'residual=37
o 
2.5 years 
3 
 
 
 
 
Manchester 
42.9 
 
R/F 
Concrete 
(1700) 
 
 
Integral bored pile 
abutment (ø1500@1820)  6.5  Boulder Clay 
  2.5 years 
 
 
 
Barker & Carder 
(2000) 
4  Bramham 
50.2 
(2 span) 
 
Prestressed
Concrete 
bean and 
R/F Deck 
 
18  Full height abutment with 
a pinned base (900) 
6 (West) 
7 (East) 
(Approx.) 
Granular backfill 
c’peak=9kPa
 
φ’peak=41
o 
 
3.5 years  Barker & Carder 
(2001) 
 
 
5
2
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Figure 3.1 Effective Bridge Temperature against Time schematic 
 
 
 
Figure 3.2 Maximum yearly lateral stress acting on the Manchester Road Overbridge 
A62 after 7 years service by Barker and Carder (2006) 
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Figure 3.3 Maximum yearly lateral stress acting on the Bramham Road Crossroads 
Bridge M1-A1 Link after 7 years service from Barker and Carder (2006) 
 
 
 
 
 
 
Figure 3.4 Small Scale Test by England et al. (2000) - Escalation of maximum soil 
stress coefficient with cycles 
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Figure 3.5 Small Scale Test by Cosgrove and Lehane (2003) - Escalation of maximum 
soil stress coefficient with cycles 
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Figure 3.6 Centrifuge Test by Springman et al. (1996) - Measured soil stress coefficient 
at a height of 0.3H and 0.6H behind the spread-footing abutment backfilled with dense 
sand (H is the retained height)   56 
 
 
Figure 3.7 Centrifuge Test by Tapper and Lehane (2004) - Measured soil stress 
coefficient for rotational magnitude of 0.20% 
 
 
 
 
 
Figure 3.8 Location of the representative soil element tested in the laboratory by Xu 
(2005) 
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Figure 3.9 Typical curves of deviator stress and soil stress coefficient K against local 
radial strain for Cycle number N using Leighton Buzzard Sand by Xu (2005) 
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Figure 3.10 Typical maximum and minimum soil stress coefficients K against total 
cycle number for dense sand under cyclic radial strain ranges of 0.05%, 0.1% and 0.2% 
by Xu (2005) 
 
 
Figure 3.11 Typical void ratio and relative density change against total cycle number for 
dense sand under cyclic radial strain ranges of 0.05%, 0.1% and 0.2% by Xu (2005) 
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Figure 3.12 Void ratio and relative density change against total cycle number showing 
dilation of a very dense sand under cyclic radial strain ranges of 0.05% and 0.1% (Xu, 
2005) 
 
 
 
 
Figure 3.13 Typical secant horizontal Young’s modulus as a function of local radial 
strain for dense sand under a cyclic radial strain range of 0.1% after Xu (2005)   60 
 
Figure 3.14 Curves of deviator stress against radial strain showing the development of a 
steady state for granular material when the active surface is not reached (Xu, 2005) 
 
 
 
Figure 3.15 Curves of deviator stress against radial strain during the test on the loose 
sand cycling between the active and isotropic state (cyclic radial strain range = 0.012%) 
by Xu (2005) 
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Figure 3.16 Curves of deviator stress against radial strain for clay under an undrained 
cyclic radial strain range of 0.05% by Xu (2005) 
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Figure 3.17 – Schematic of stiffness against strain curve implemented in Brick Model  
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Chapter 4 Mathematical formulation of the soil model  
 
It was proposed that numerical modelling was the most appropriate approach to achieve 
the aims of the research. However, modelling, as discussed in Section 3.5, has this far 
been ineffectual in helping to understand the behaviour of integral bridges. The sole 
reason for this has been inappropriate soil models being used to represent a fundamental 
behaviour which was not understood until the work of Xu (2005), discussed in Section 
3.4.3. A literature review of existing soil models and discussions with geotechnical 
engineers at Mott MacDonald indicated that no known model was suitable for 
representing granular material behind an integral bridge abutment. This supported the 
statement of Xu which suggested that the integral bridge problem was unique, 
highlighting the need to develop a granular soil model suitable for representing granular 
backfill for the purpose of facilitating numerical modelling. 
To develop the necessary relationships the model aim had to be first defined, 
ensuring that prior to development there was a clear definition of the parameters which 
required modelling. This was achieved by consideration of the key features of the soil 
behaviour which had to be captured, and the method of implementation, in this case 
Hooke’s Law. It was shown that both densification and rolling/sliding effects would 
need to be accounted for to capture the soil’s behaviour, and the concept of a Hardening 
Parameter was adopted to allow this. Subsequently, a curve fitting process was used to 
allow all the parameters required by Hooke’s Law to be related to the Hardening 
Parameter, defining the stress-strain relationship for the pre-failure behaviour of the soil 
after any number of cycles. Failure and post-failure behaviour were also regarded as key 
parts of the developed model, and an existing criterion adopted. Finally, the model was 
tested and errors considered, validating the relationships which had been determined. 
 
4.1 Model aim 
 
The experimental data of Xu (2005) was used to model the pre-failure stress-strain 
behaviour observed for a granular material, represented in this case by Leighton 
Buzzard sand. Xu (2005) showed that, under integral bridge loading, the behaviour of 
clay was very different to that of granular material, and was therefore not considered.   64 
Failure and post-failure behaviour was to be dependant on a suitable known criterion 
which would be determined by further interrogating the work of Xu.  
While the model was concerned primarily with modelling standard backfill 
materials such as those meeting the specification of 6N/6P, it was considered 
advantageous if the model could allow for consideration of other ‘non-standard’ backfill 
materials, provided a similar fundamental behaviour could be found using the 
laboratory tests of Xu. With the increasing requirement of achieving sustainable 
solutions within civil engineering, using good quality excavated material as fill is an 
attractive option. It negates the need for importing material to site and also the 
associated disposal costs of the removed material. While this was not a dominant 
feature of the model development, it was considered throughout. 
The work of Nicholson et al. (1997) discussed that large span integral bridges, 
over 150m, have problems associated with serviceability, with significant ‘gaps’ 
developing behind the abutment. For this reason, only bridges up to 150m were 
considered as being suitable for integral construction. Bridges below 15m span were not 
considered as they are designed using BD31/01 (Highways Agency, 2001a) as earth 
retaining structures. 
The result of varying deck lengths is that the top of abutment displacement 
changes. Throughout this research, and in accordance with BD37/01 (Highways 
Agency, 2001b), the displacement was based on a Type 4 bridge (concrete deck) located 
in Greater London. For this location and region, the range of EBT based on a 120-year 
return period was 44°C, and the coefficient of thermal variation adopted for the 
structure was 0.000012/°C in line with the recommendation of BA42/96 (Highways 
Agency, 2000a) for concrete deck structures. Using equation (3.1) it is possible to 
calculate the total bridge length change and, assuming symmetry, each abutment 
displacement is half of this amount. Table 4.1 shows the abutment displacements 
relating to the range of deck spans adopted in the research. Appendix A contains the 
displacement calculation. 
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Table 4.1 Displacements for varying deck spans based on a 120-year return period 
for a Group 4 bridge structure in the Greater London area 
 
Expanding 
Length (m) 
Total Change in 
Length (mm) 
Abutment 
Displacement (mm) 
15  8.0  4.0 
40  21.2  10.6 
60  31.8  15.9 
100  53.0  26.5 
150  79.6  39.8 
 
 
4.2 Key observed features 
 
As discussed in Section 3.4.3, Xu (2005) used triaxial testing to investigate the 
fundamental behaviour of granular soil under the stress path and radial strain range 
applicable to integral bridge loading. The following key observations were made by Xu: 
 
•  The soil densified under cycling until a critical value of density was reached 
•  After this the soil dilated until a “steady state” was reached – i.e. constant 
volume  
•  The soil continued to stiffen with cycles regardless of whether densification or 
dilation occurred 
•  The peak lateral stress continued to increase with cycles regardless of whether 
densification or dilation occurred 
•  Under radial extension the soil failed upon reaching the active condition 
•  Under radial compression the soil approached, and was predicted to reach, the 
passive limit 
•  Vertical stress was constant 
 
Xu carried out further tests on Leighton Buzzard sand and glass ballotini which 
indicated that the rolling and sliding effects, occurring when the active condition was 
reached, were critical in the soil’s behaviour. This is thought to account for the 
continued stiffening of the soil, and the subsequent continuation of increase in peak 
lateral stress with cycles, which occurred post onset of dilation. 
For modelling, each of these factors had to be considered. Of particular concern 
was the effect of rolling and sliding. While the densification of the material under   66 
cycling was quantifiable, and measured by Xu, the rolling and sliding effect was not. 
This unknown had to be accounted for when modelling the soil. 
 
4.3 Modelled parameters 
 
The key features observed by Xu had to be accounted for in the pre-failure behaviour. In 
addition, each parameter required in the stress-strain calculation had to be investigated 
to develop a mathematical function which matched the observed experimental 
behaviour. 
The secant horizontal Young’s modulus which Xu had derived was based on 
Hooke’s Law. Hooke’s Law is suitable for determining the stress change resulting from 
a strain change, and is suitable for capturing the key features discussed. Therefore, it 
was adopted as the implementation method for the mathematical model. 
The general form of Hooke’s Law for isotropic materials is given as: 
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where ∆εxx, ∆εyy and ∆εzz are the direct strain changes in the x, y and z directions 
respectively, and ∆εxy, ∆εzx and ∆εyz are the changes in shear strains. Resulting changes 
in stress are given as ∆σxx, ∆σyy and ∆σzz in the x, y and z planes, with the changes in 
shear stress as ∆σxy, ∆σzx and ∆σyz. Poisson’s ratio is represented by ν, and secant 
horizontal Young’s modulus as E’h. 
This can be reduced to the following for the triaxial case: 
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Strain changes in the axial and radial direction are ∆εa and ∆εr with resulting stress 
changes ∆σa and ∆σr respectively. 
This was chosen as the implementation basis. From this the following parameters 
required determination: 
 
•  Secant horizontal Young’s modulus (E’h)  -  Section 4.9 
•  Change in axial strain (∆εa)      -  Section 4.10 
•  Poisson’s ratio (ν)        -  Section 4.12 
 
The change in radial strain, ∆εr, is a function of the wall movement, or applied radial 
strain change in the triaxial case, so is an input parameter to the soil model. The output 
of the model would be the axial and radial stress changes, ∆σa and ∆σr. 
    
4.4 Sign convention 
 
The sign convention adopted considered the model implementation into a finite 
difference package which will be discussed in Section 5.3. In the case of both stress and 
strain, compression in either the radial or axial direction was denoted as being negative. 
Conversely, extension was denoted as positive. At triaxial level, the effect of shear 
strain and stress did not require consideration. Xu had assumed a perfectly smooth wall 
and therefore only the axial and radial stresses and strains were required at this stage. 
 
4.5 Concept to account for densification and rolling/sliding 
effects 
 
As discussed, the fabric change due to rolling and sliding had to be accounted for within 
the model. The solution was the concept that a hardening parameter, γ, be adopted to 
represent the state of the soil after any number of cycles.  
Each parameter, E’h, ∆εa and ν, was based on a separate general equation.  This 
is a common expression allowing the value of the parameter to be defined at any level 
of radial strain and after any number of cycles. It was postulated that the general 
equations changed due to a combination of rolling/sliding and densification, effects 
which had to be accounted for. Changing the general equation could only be achieved   68 
by variation of the coefficients controlling it. Making the coefficients dependant on a 
hardening parameter, which varied with cycles, allowed this to be achieved. The result 
of this is that the model depends primarily on the relationship between coefficients and 
hardening parameter. 
 
4.6 Development of an empirical relationship 
 
The mathematical model was derived by matching predicted behaviour of parameters to 
the behaviour observed by Xu (2005). The raw data was taken from that observed and 
fitted with “best fit” curves, in a similar way to those carried out by Jardine et al. (1986 
& 1991). This was a two stage process. Firstly, a limited amount of data was inspected 
to provide information on the general equation of the parameter. The second stage was 
to carry out a “best fit” analysis. This is a complex process when not dealing with a 
linear “best fit”, so it was carried out in the commercial spreadsheet package Excel 
which allows polynomial and logarithmic curves. This package uses the least squares 
method to provide a ‘best fit’ line of the general equation already identified. When this 
process had been carried out for all the data, the coefficients were plotted to ensure that 
they behaved as expected, in a predictable fashion. Any coefficients which did not were 
re-analysed using manual adjustment, i.e. trial and error to achieve a curve which fitted 
the data and the variation of coefficient with hardening parameter. 
In the case where the initial investigation of parameters identified more than one 
apparently suitable general equation, the process was carried out multiple times and the 
general equation developed based on that which worked best when considering all data. 
This process was initially carried out for the parameters identified by Xu and then again 
to relate the coefficients to the hardening parameter. This allowed a value of any 
parameter to be calculated after any number of cycles or part cycles. This is discussed in 
more depth for individual parameters in the following sections.  
 
4.7 Densification  
 
Throughout the testing Xu measured the change in relative density with cycles. An 
analysis of this shows that, at the depth considered by Xu, there is clearly a ‘Critical 
Relative Density’, DR(crit), at which the rate of density growth changes. This value is   69 
dependant only on the radial strain range of the cycle being considered, and is 
independent of the initial relative density prior to cycling. Figure 4.1 to Figure 4.3 
shows the work of Xu plotted for cycles of 0.05%, 0.10% and 0.20% change in radial 
strain. This shows that after the critical density is passed, the rate of change of density 
remains approximately the same, regardless of relative density of the granular material 
at the start of the particular cycle. For the particular example in the figure, the critical 
relative density is passed after approximately 85 cycles of the loose sample. After this 
the rate of change of relative density remains the same regardless of whether the 
remainder of the loose sample, or the dense and very dense samples is considered. 
Comparing the three changes of radial strain, 0.05%, 0.10% and 0.20%, a 
mathematical expression was found which could calculate the value of Critical Relative 
Density, DR(crit), for a change of radial strain, ∆εr: 
 
  ( ) ( ) 869 . 79 100 ln 59 . 16 ) ( + ∆ = r crit R D ε          (4.3) 
 
where DR(crit) and ∆εr are absolute numbers rather than percentages. The relative density, 
DR(n), after any cycle could be calculated by: 
 
  ) 1 ( ) ( − + = n R p n R D m D               (4.4) 
 
where n and (n-1) are the current and previous cycles respectively, and mp is the cycle 
change in density. Again, by interrogating the plots of density with cycles for radial 
strain changes of 0.05%, 0.10% and 0.20% a mathematical function could be 
determined for the rate of change of density with cycles. This is given by: 
 
( ) r m ε ∆ = 100 5778 . 2 1              (4.5) 
and 
( ) 0043 . 0 100 46 . 0 2 + ∆ = r m ε            (4.6) 
 
where m1 and m2 are the rate of change of density below and above DR(crit) respectively. 
Using these relationships, the change in density during densification can be modelled 
accurately. Figures 4.4 and 4.5 show typical comparisons between predicted and 
measured change in density.   70 
The work of Bolton (1979) indicated that the tendency of soil to dilate is only 
dependant on the physical parameters of the granular material, in this case Leighton 
Buzzard Sand, such as particle shape, angularity, rigidity and mass. The work of Xu 
found dilation to occur at a relative density of 92% for Leighton Buzzard sand. This 
dilation occurs until the critical state is reached, failure by shear with no change in 
density, at approximately 90%, again found experimentally. Xu only carried out a single 
experiment to investigate this behaviour so an assumption has had to be made that rate 
of change of dilation behaves similarly to densification, i.e. in proportion to the radial 
strain range. This means that when the soil is dilating the general equation (4.4) has 
coefficients: 
 
92 ) ( + = d n R m D               (4.7) 
 
where  
 
( ) r d m ε ∆ − = 100 056 . 0             (4.8) 
 
This modelling approach allowed density to be modelled accurately independent of the 
initial or final state of the soil. Although not directly used in the final model, it allowed 
the Hardening Parameter concept to be developed. 
 
4.8 Hardening parameter 
 
The hardening parameter is a concept adopted to account for the different mechanisms 
involved in the soil hardening under cycles of integral bridge loading. One of these, 
densification, was quantifiable while the other, rolling/sliding, was not. The adoption of 
a hardening parameter meant that separate quantification of the two mechanisms would 
not be required. 
The sole requirement of the hardening parameter, γ, was that it changed with 
cycles allowing the coefficients of the general equations for secant stiffness and axial 
strain to be varied. This accounted for change in the fabric of the backfill caused by 
densification and rolling/sliding effects. A schematic showing a comparison between 
the development of the hardening parameter and relative density with cycles is shown in   71 
Figure 4.6. The hardening parameter was taken as numerically equal to the relative 
density prior to dilation. After the onset of dilation the hardening parameter does not 
reduce with relative density, but rather continues to increase with the rate of change as 
an extrapolation of the pre-dilation trend.  
This meant that the Hardening Parameter could be calculated as: 
 
) 1 ( ) ( − + = x x x m γ γ γ               (4.9) 
 
where mγx is taken to be either :  
 
  ( ) r m ε γ ∆ = 100 5778 . 2 1             (4.10) 
or 
( ) 0043 . 0 100 46 . 0 2 + ∆ = r m ε γ           (4.11) 
 
where mγ1 and mγ2 are the pre and post critical density (DR(crit)) behaviour respectively.  
 
4.9 Secant horizontal Young’s modulus 
 
A key parameter of Hooke’s Law is the secant horizontal Young’s modulus. Xu (2005) 
had derived the increasing secant stiffness of the soil with cycles, allowing the 
coefficients of the general equation to be related to the hardening parameter. The 
extension and compression phase were considered separately. 
 
4.9.1 Extension phase 
 
Xu determined the secant stiffness of the soil during a cycle based on Hooke’s Law 
(equation (4.2)), a typical example being shown in Figure 3.13 using a logarithmic 
scale. When plotted on a normal scale a logarithmic equation of the following form was 
found to be an accurate fit for all curves: 
 
( ) ( ) ( ) ( )
6 10 1 ln ' × × + ∆ = B A E r n h ε           (4.12)   
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In the context of Xu’s work, this captured the change in secant horizontal Young’s 
modulus with change in radial strain during a single cycle. The rapid degradation of 
stiffness under loading lent itself to the logarithmic equation. This general equation 
would allow the secant stiffness profile to be determined after any number of cycles. 
Coefficients A and B varied in relation to the hardening parameter, allowing the fabric 
change in the soil due to cycling to be captured.  
A plot of the variation of coefficients A and B with Hardening Parameter, γ, is 
shown in Figure 4.7 and Figure 4.8. Curve fitting found that A and B could be 
represented by: 
 
81.9044 11.0879 - 0.201609 -0.001321 A
2 3 + + = γ γ γ       (4.13) 
36.1344 9.23525 - 0.171074 -0.001342   B
2 3 + + = γ γ γ       (4.14) 
 
This allowed the curve of E’h to be found for any value of ∆εr greater than the notional 
minimum measureable value of 0.001%. Figure 4.9 shows a comparison between the 
predicted and observed secant horizontal Young’s modulus for an extension cycle. 
 
4.9.2 Compression phase 
 
The plots of secant horizontal Young’s modulus were again inspected considering 
compression of the sample. The work of Xu led to the logarithmic relationship: 
 
( ) ( ) ( ) ( )
6 10 1 ln ' × × + ∆ = D C E r n h ε           (4.15) 
 
where C and D are coefficients related to the hardening parameter by: 
 
66.0365 - 0.394706 0.003565 - 0.000015 C
2 3 γ γ γ + =       (4.16) 
17.5062 - 7.80894 - 0.161509 -0.000731 D
2 3 γ γ γ + =       (4.17) 
   
as shown in Figure 4.10 and Figure 4.11 respectively. 
Similarly to the extension phase, this allowed the stiffness curve to be found for 
any value of ∆εr greater than the notional minimum of 0.001%. Figure 4.12 shows a   73 
typical comparison between the experimental and modelled values of secant horizontal 
Young’s modulus for a cycle of radial compression. 
 
4.9.3 Consideration of the secant stiffness coefficients 
 
Xu noted that the variation in secant stiffness under radial extension was greater than 
that noted under radial compression. When considering the general form of equation 
(4.12), variation of coefficient B changes the gradient of the curve while variation of 
coefficient A changes the vertical location of the curve. Considering this in the context 
of the experimental work, both variables A and B would be expected to have a larger 
range of values than that of C and D respectively. Figures 4.7, 4.8, 4.10 and 4.11 show 
this to be the case. This allows the larger variation observed for a sample under radial 
extension to be accounted for. 
Xu also noted that the secant stiffness remains relatively unchanged at very 
small strains while varying at larger strain. Relative to the hardening parameter, 
coefficient D varies more in comparison to C, than B varies in comparison to A. 
Considering the behaviour of logarithmic relationships; this allows the secant stiffness 
behaviour noted by Xu to be reproduced. 
It is noted from the coefficients that A, B, C and D have the same form, a 3
rd 
degree polynomial. There is no maxima or minima in the range 18% < γ < 200% 
meaning that under cycles, as γ increases, the stiffness is always increasing. This is the 
behaviour as determined by Xu and ensures that the rolling/sliding and densification 
mechanisms are accounted for. 
 
4.10 Axial strain 
 
Where a cycle is radial strain controlled, a change in radial strain will induce a change 
in axial strain. Equation (4.2) dictates that the change in axial strain must be accounted 
for. Using the data of Xu and rearranging Hooke’s Law, the change in axial strain was 
determined. This showed that for radial compression the general equation for change in 
axial strain is given by: 
 
  ( ) ( ) r r a Y X ε ε ε ∆ + ∆ = ∆
2               (4.18)   74 
where ∆εr is the change in radial strain and: 
 
3492.47 + 242.775 - 4.04259 + -0.017252 = X
2 3 γ γ γ       (4.19) 
0.773988 - 0.000919 - 0.000161 = Y
2 γ γ           (4.20) 
 
For radial extension the general form is similar: 
 
  ( ) ( ) r r a R Q ε ε ε ∆ + ∆ = ∆
2             (4.21) 
 
and the coefficients are: 
 
13167.9 + 708.669 - 16.4657 + 0.173950 - 0.000667 = Q
2 3 4 γ γ γ γ     (4.22) 
2.39973 + 0.048920 + 0.002225 - 0.000015 = R
2 3 γ γ γ       (4.23) 
       
Figure 4.13 shows a typical prediction for the change in axial strain depending on a 
typical change in radial strain. As would be expected, when the sample is subject to 
radial compression the axial strain is positive which indicates the sample is lengthening. 
Conversely, under radial extension the sample shortens with axial strain being negative. 
Considering a compression followed by extension cycle, it is notable that the magnitude 
of axial strain change is not the same in both the compressive and extensive phase, but 
is very slightly greater in the latter. This accounts for the accumulated change in 
volumetric strain with cycles.  
Using this relationship the volumetric strain was calculated, assuming right 
cylinder deformations, which were in turn be compared to published values of 
volumetric strain against axial strain, by Xu. This acted as a check on the derivation of 
both secant stiffness and axial strain. These were found to compare well.   
 
4.10.1 Consideration of the axial strain coefficients 
 
Considering the coefficients X and Y, relating to the compression phase, both increase 
with the hardening parameter as shown in Figure 4.14 and Figure 4.15 respectively. As 
for the case of secant horizontal Young’s modulus, there are no minima and maxima   75 
within the range under consideration. This ensures that, during the compression phase, 
the same behaviour is observed regardless of the number of cycles. 
In the case of radial extension, where coefficients Q and R are used as showing 
in Figure 4.16 and Figure 4.17, a minima occurs when the hardening parameter reaches 
approximately 92%. This feature, achieved using a higher degree polynomial for the 
coefficients than in the compression case, allows the dilation of the soil to be modelled. 
The increase in parameters Q and R after this point alters the axial strain behaviour so 
that the dilation behaviour noted by Xu can be modelled. 
 
4.10.2 Volume change 
 
It is also considered important to model the settlement build up which occurs due to 
cycles. This requires that the cumulative volumetric strain behaviour be modelled which 
can be achieved by consideration of the individual components of strain. In triaxial 
space the change in volumetric strain for a cycle is given by: 
 
  a r r
o
f o
o
v e
e e
e
de
ε ε ε ε ∆ + ∆ + ∆ =
+
−
=
+
= ∆
1 1
         (4.24) 
 
where ∆εv is the change in volumetric strain at the cycle under consideration, eo is the 
initial void ratio, de is the change in void ratio and ef is the void ratio of the material at 
the end of cycle under consideration. In triaxial space, ∆εr is the radial strain change and 
∆εa is the axial strain change. This cumulative volumetric strain, εv, builds from a value 
of zero before cycling begins and can be calculated as: 
 
( ) ∑ ∆ =
n
n v v
1
ε ε                  (4.25) 
 
where (∆εv)n is the change in volumetric strain for a single cycle and n is the number of 
cycles. This relationship allows settlement to be considered. It uses values already 
obtained and is therefore not computationally intensive. 
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4.11 Coefficients outwith the tested range 
 
The coefficients considered here were found using experimental data as obtained by Xu. 
The triaxial tests almost, but didn’t quite, reach the passive condition meaning that some 
values would have to be extrapolated. The relationships used to determine the 
coefficients have been tested to show that no maxima or minima occurs outwith the 
limits γ = 0% to γ = 160% and therefore the soil behaviour will not alter other than as 
designed. 
   
4.12 Poisson’s ratio 
 
Under a radial strain change a sample will, as discussed in Section 4.10, undergo a 
change in axial strain. The ratio of these strains is Poisson’s ratio, denoted by ν. 
Rearranging equation (4.2), gives: 
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'
        (4.26) 
 
The experimental values of Xu allowed this parameter to be calculated using the 
equations above. This need not be developed further as ∆εr and ∆εa already require 
evaluation, allowing ν to be evaluated. 
 
4.13 Failure 
 
Analysing the stresses measured by Xu (2005) allows the stress invariants to be plotted 
in q-p space, where q is the deviator stress and p is the average stress. Figure 4.18 
shows this for the very dense Leighton Buzzard sand. The line M is the critical state line 
representing failure in the triaxial compression plane if the soil is cohesionless, and is 
calculated by: 
 
f
f M
' sin 3
' sin 6
φ
φ
±
=               (4.27) 
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where ± depends on whether active or passive failure is being considered. 
The figure shows that the q-p stress path is constrained to a single line as Xu 
intended. It is noted that upon every cycle the active surface is reached and that with an 
increase in cycles the passive failure surface is being approached. In this case, the M 
line plotted is based on the final value of effective friction angle, φ’f, as discussed in 
Section 3.4.3. Xu at al. (2007) showed that this varied with cycles, but due to the 
limited data the value found by monotonic shearing after cycling was assumed to apply.  
The indication from Figure 4.18 is that the sample will continue to harden in 
compression until the passive failure surface is reached and also fails in extension when 
the active surface is reached. This indicates that the Mohr-Coulomb failure criterion can 
be adopted. This is a failure criterion which has been widely used for granular material. 
The theory suggests that failure occurs when Mohr's Circle at any point in the soil mass, 
exceeds the envelope created by the two Mohr's circles for uniaxial tensile strength and 
uniaxial compressive strength. Considering the two principal stresses, failure will occur 
if these values lie outwith the Mohr-Coulomb limits. Actual implementation of this 
theory will be discussed later. 
 
4.14 Error 
 
When developing a soil model it is important to consider the effect of error. When 
fitting curves such as those which have been detailed here there is always an error 
associated with the mathematical model. Appendix B details the error analysis which 
was carried out to ensure that parameters for secant horizontal Young’s modulus and 
axial strain change were sufficiently accurate. This was done by considering the fraction 
of raw variation, R
2, which is a measure of the goodness of fit of the general equations 
to the experimental data. This was considered for a sample of the secant horizontal 
Young’s modulus and axial strain change curves, and also for the variation of 
coefficients with increasing hardening parameter. A minimum limit of R
2 > 0.95 was 
considered suitable for further consideration at the validation level. 
The result of the analysis was that R
2 > 0.97 for all cases. This indicates that the 
match between predicted and experimental values is good, and that the model should 
work well when used. This is discussed further in Section 4.15. 
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4.15 Initial spreadsheet validation of the soil model 
  
Section 4.14 and Appendix B discussed the accuracy of the curves fitted to the data 
gathered by Xu (2005). To test if the accuracy requirement applied was suitable, 
Hooke’s law was used in conjunction with the determined equations to produce plots of 
radial stress against radial strain. Using the commercially available spreadsheet package 
Microsoft Excel, a single cycle was considered. The relationship between cycles and 
hardening parameter was used to derive a value of γ for the cycle under consideration. 
This value was subsequently used to produce values for the coefficients required. This 
allowed values of secant horizontal Young’s modulus and axial strain change for the 
compression and extension phases of the cycle to be found for various discrete values of 
change in radial strain. Equation (4.2) can be reduced to: 
 
2
) 2 ( ' a r h
r
E ε ε
σ
∆ − ∆
= ∆             (4.28) 
 
This was used to produce a curve of deviator stress against radial strain. Failure of the 
soil was modelled using limits of the maximum and minimum deviator stress based on 
Rankine failure and the mobilised friction angle as determined by monotonic shearing. 
The experimental results of Xu (2005) were plotted with the predicted values 
using the model. A representative sample of individual cycles for the loose, dense and 
very dense tests were considered, with typical cycles shown in Figure 4.19, Figure 4.20 
and Figure 4.21 respectively. A good agreement was found between the experimental 
and predicted results in all cases. This indicates that the model is behaving as expected 
at the single element level and the accuracy achieved with the secant stiffness and 
change in axial strain equations, and therefore their coefficients, is satisfactory.  
Of note in Figure 4.19, relating to the loose sand test, is the fact that the 10
th and 
50
th cycle underestimate the peak minimum value of deviator stress. This is due to the 
fact that the active limit varies during the experimental testing, likely due to the 
changing fabric of the soil. The spreadsheet implementation was based on the 
assumption that all cycles, with the exception of the initial cycle, start from the active 
limit. However, if the change in deviator stress is considered then the model is shown to 
work well.    79 
Additional cycles to those shown in Figure 4.19 to Figure 4.21 were modelled. 
For these, the maximum soil stress coefficient, Kmax, was plotted and compared to the 
experimentally measured values, Figure 4.22 to Figure 4.24. These show that the peak 
values are close to those measured, further validating the model. This showed that the 
model worked well for a limited number of cycles, and that it was suitable for further 
implementation as discussed in Chapter 5. 
 
4.16 Model limitations 
 
There are limitations associated with the model developed. The model has been 
developed exclusively for soil structure interaction relating to the case of integral 
bridges. As stated by Xu (2005), the case of integral bridges is a unique problem and 
this has led to a unique model being developed. In addition, only the drained case has 
been considered. However, the cyclic period of an integral bridge which is undergoing 
temperature loading is sufficiently long that it allows pore water pressure to dissipate, 
thus having no effect on bridge loading (Card and Carder, 1993). 
It is also discussed in Section 4.7 that the dilation behaviour of the model is 
based on an assumed behaviour derived from a single test. However, this is unlikely to 
significantly impact on the suitability of the model as a design tool. Current 
specifications (Highways Agency, 2000a) deem that a backfill must be compacted to 
95% dry density of the material, which is equivalent to a relative density of 69% as 
shown in Appendix C. To reach the dilation density of 93%, the magnitude of 
displacement or number of cycles required to reach this density would be unlikely to 
occur in the in-service situation. 
 
4.16.1 Variation of Young’s modulus and axial strain with depth 
 
A model limitation resulting from the study of fundamental behaviour, is that the tests 
only considered a mid-height element. It is generally accepted that Young’s modulus of 
soil is not constant with depth, a critical model feature when considering the abutment 
system as a whole and not a single element. As will be discussed in Chapter 6, an 
experimental database of triaxial and torsional simple shear tests (carried out at small   80 
shear strains for various granular materials) was used to evaluate a suitable profile used 
in modelling.  
  The variation of axial strain change with depth also has similar limitations as 
only a mid height element was considered. However, as the lateral stress which 
develops is primarily a function of the radial strain change, this was deemed to be of 
minor significance. Further work, discussed in Chapter 6, indicates that this is of not a 
critical feature when considering the soil/abutment system. 
 
4.16.2 Comparison of backfill and analysed materials 
 
Only Leighton Buzzard sand was considered within the previous research, both at a 
fundamental and system level, and the numerical modelling discussed here.  
It is important to compare the analysed material with that required by the current 
specification, as discussed in Section 2.1.1. Xu (2005) reports the particle size as shown 
in Figure 4.25. From the figure, the following is derived: 
 
D60 = 0.90mm 
D10 = 0.63 mm 
 
Therefore, the Uniformity coefficient is found to be (using equation 2.1): 
 
43 . 1 = LBS UC          
 
A 63micron (0.063mm) sieve allows no sand to pass. 
Comparing this with the specification defined in Section 2.1.1, it can be noted 
that the specification for both 6N and 6P is only partially met by Leighton Buzzard 
Sand. A larger range of particle size would be required to meet the specification.  
No research has been carried out at a fundamental level using a more 
‘appropriate’ material, and the findings of field tests in the United Kingdom are not 
suitable for validation. This, coupled with the fact that current guidance is based on the 
use of Leighton Buzzard sand, dictated that proceeding with modelling based on 
Leighton Buzzard sand was the most appropriate option. However, the limitations of 
this were recognised.   81 
 
While this section indicates limitations associated with the model, and highlights areas 
worthy of future research, further consideration has shown that their importance to the 
modelling process can be minimised. Ultimately, further use of the model discussed in 
Chapter 6 shows the impact of these to be minor. 
 
4.17 General form of the soil model 
 
The model has been developed on a curve fitting basis. The model can be adapted to 
suit other material types by varying the relationships between hardening parameter and 
coefficients. To demonstrate this, the model formulation is discussed here in general 
terms. 
Development of the hardening parameter is reliant on the critical value of 
density. The critical density, DR(crit), is reliant only on the change in radial strain being 
applied during that cycle, ∆εr, and so can be expressed as a function f1 of  ∆εr: 
    
( ) r crit R f D ε ∆ = 1 ) (                (4.29) 
 
The model calculates the change in hardening parameter independent of whether the pre 
or post critical density is being considered, mg1 and mg2 respectively: 
 
( ) r f m ε γ ∆ = 2 1                 (4.30) 
( ) r f m ε γ ∆ = 3 2                 (4.31) 
 
The value of hardening parameter from the previous cycle, g(x-1), is used to deduce 
whether the cycle change in hardening parameter, mgx, is defined with the value 
appropriate for pre or post critical behaviour. 
 
( ) 2 1 ) ( ) 1 ( 4 , , , γ γ γ γ m m D f m crit R x x − =            (4.32) 
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This value is used to calculate the value of hardening parameter which is appropriate to 
the cycle under consideration (g(x)): 
 
) 1 ( ) ( − + = x x x m γ γ γ               (4.33) 
 
It is this value of hardening parameter which is the basis of generating the value of other 
parameters applicable to the cycle.  
The general form of the equation for calculating the instantaneous value of 
secant horizontal Young’s modulus in the extension phase is: 
 
( ) B A E r n h + ∆ = ε ln ' ) (               (4.34) 
 
where the two coefficients, A and B, are: 
 
  ( ) ) ( 5 x f A γ =                 (4.35) 
( ) ) ( 6 x f B γ =                 (4.36) 
 
Similarly to the extension phase, the compression phase value of stiffness is dependant 
on the following logarithmic general equation: 
 
( ) D C E r n h + ∆ = ε ln ' ) (               (4.37) 
 
C and D are coefficients dependant on the hardening parameter value: 
 
( ) ) ( 7 x f C γ =                 (4.38) 
( ) ) ( 8 x f D γ =                 (4.39) 
 
A similar derivation is made to determine the change in axial strain due to the change in 
radial strain. When a compressive phase is being considered the following general 
equation applies: 
 
( ) ( ) r r a Y X ε ε ε ∆ + ∆ = ∆
2             (4.40)   83 
 
with the coefficients: 
 
( ) ) ( 9 x f X γ =                 (4.41) 
( ) ) ( 10 x f Y γ =                 (4.42) 
 
For an extension phase the coefficients Q and R are used in the general equation: 
 
( ) ( ) r r a R Q ε ε ε ∆ + ∆ = ∆
2             (4.43) 
   
where: 
 
( ) ) ( 11 x f Q γ =                 (4.44) 
( ) ) ( 12 x f R γ =                 (4.45) 
 
By interrogating the value of radial strain and whether it is positive or negative, the 
correct stiffness and axial strain change can be applied appropriate to the cycle. 
This value for change in axial and radial strain, ∆εa and ∆εr respectively, are 
used to determine Poisson’s ratio 
 
r a
a
ε ε
ε
ν
∆ − ∆
∆
=
2
                (4.46) 
 
This, with value of secant stiffness, E’h(n), is then used in Hooke’s Law (equation 4.2) to 
determine the stress components: 
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Independently of this the volumetric strain can be calculated as: 
 
r a v ε ε ε ∆ + ∆ = ∆ 2               (4.47)   84 
 
This is the general form of the model and shows the manner in which variables are 
interdependent. By using similar data to that published by Xu (2005), explicit equations 
could be determined for any material type by determining the manner in which 
coefficients vary with hardening parameter. 
 
4.18 Summary 
 
The work of Xu provided high quality data allowing curve fitting to be a rational 
approach to developing a model which captured the pre-failure behaviour of the soil. 
The application of a hardening parameter allowed both the rolling/sliding mechanism 
and the densification mechanism to be accounted for. This allows a two stage 
calculation, the calculation of a coefficient and then the value of the parameter under 
consideration. Once this has been repeated for all parameters it allows the stress to be 
obtained at any point in a cycle of radial strain. 
The error analysis and consideration of the coefficients allows a reasonable level 
of confidence in the model that when being used will work as expected. The initial 
validation test reinforces this.   85 
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Figure 4.1 Change in density against cycle number for loose, dense and very dense sand 
under cyclic radial strain ranges of 0.05% 
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Figure 4.2 Change in density against cycle number for loose, dense and very dense sand 
under cyclic radial strain ranges of 0.10% 
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Figure 4.3 Change in density against cycle number for loose, dense and very dense sand 
under cyclic radial strain ranges of 0.20% 
 
 
 
 
Figure 4.4 Comparison between model prediction and measured data for change in 
density with cycles for loose sand under a cyclic radial strain range of 0.05% 
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Figure 4.5 Comparison between model prediction and measured data for change in 
density with cycles for dense sand under cyclic radial strain ranges of 0.05% and 0.10% 
 
 
 
 
 
Figure 4.6 Schematic showing development of relative density and hardening parameter 
under an increasing number of cycles 
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Figure 4.7 Change in value of Coefficient A against hardening parameter 
 
 
 
Figure 4.8 Change in value of Coefficient B against hardening parameter 
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Figure 4.9 Typical comparison between experimentally measured and numerically 
modelled secant horizontal Young’s modulus against radial strain change for an 
extension phase of 0.1% 
 
 
Figure 4.10 Change in value of Coefficient C against hardening parameter   90 
 
Figure 4.11 Change in value of Coefficient D against hardening parameter 
 
 
 
Figure 4.12 Typical comparison between experimentally measured and numerically 
modelled secant horizontal Young’s modulus against radial strain change for a 
compression phase of 0.1% 
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Figure 4.13 Typical change in axial strain for a compressive and extensive radial strain 
range of 0.1% 
 
Figure 4.14 Change in value of Coefficient X against hardening parameter 
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Figure 4.15 Change in value of Coefficient Y against hardening parameter 
 
 
 
Figure 4.16 Change in value of Coefficient Q against hardening parameter 
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Figure 4.17 Change in value of Coefficient R against hardening parameter 
 
 
 
Figure 4.18 Deviator Stress against average stress for very dense sand under cycles of 
radial strain showing critical state lines (Data from Xu, 2005) 
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Figure 4.19 Typical curves of predicted change in lateral stress against a 0.05% change 
in radial strain for cycle number N compared with experimental data for loose sand  
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Figure 4.20 Typical curves of predicted change in lateral stress against a 0.1% change in 
radial strain for cycle number N compared with experimental data for dense sand  
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Figure 4.21 Typical curves of predicted change in lateral stress against a 0.1% change in 
radial strain for cycle number N compared with experimental data for very dense sand  
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Figure 4.22 Experimental measurements and model predictions of the maximum soil 
stress coefficient Kmax against total number for loose sand under a 0.05% change in 
radial strain  
 
 
 
Figure 4.23 Experimental measurements and model predictions of the maximum soil 
stress coefficient Kmax against total number for dense sand under a 0.1% change in radial 
strain    98 
 
Figure 4.24 Experimental measurements and model predictions of the maximum soil 
stress coefficient Kmax against cycle number for very dense sand under a 0.1% change in 
radial strain  
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Figure 4.25 Particle size distributions of Leighton Buzzard B sand and glass ballotini 
(Xu 2005)   99 
Chapter 5 FLAC implementation and validation of soil 
model at element level 
 
Section 4.15 had shown that the equations developed for the soil model allowed 
accurate predictions of the stress-strain relationship to be made. Further implementation 
of the soil model into the finite difference program (FLAC) was the next stage. The 
program uses the stepping method, whereby displacement is applied over a number of 
steps, and the resulting stresses and strains calculated. Implementation of the soil model 
into this method and the required adaptations were first considered, with the model 
again tested at triaxial element level using a spreadsheet. The model was then 
implemented into the FLAC program, and validation was carried out at element level. 
The cyclic triaxial tests considered by Xu (2005) were replicated to ensure that the 
numerical model captured the experimentally observed behaviour. 
 
5.1 Stepping implementation 
 
The mathematical basis of the model was proven to work satisfactorily in Chapter 4. 
Ultimately, the model was intended for use in a Finite Difference Method (FDM) 
program, in this case FLAC, as the model could then be extended to consider an 
abutment system, and not be restricted to a single soil element. FLAC uses a timestep 
approach where every cycle of radial strain change, compressive or extensive, is 
required to be applied over a number of timesteps, such that: 
∑ ∆ = ∆
i
r r
1
ε δ ε                                                                         (5.1) 
   
where ∆εr is total change in radial strain over the cycle, δ∆εr the step change in radial 
strain, and i is the number of steps considered. For example, a radial strain change cycle 
of 0.1% may be applied as 10 timesteps of magnitude 0.01%. 
This approach was also applied for the other stress and strain components, allowing 
the equivalent Hooke’s Law to be adopted: 
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where δ∆εxx,yy,zz are step changes in strain, δ∆σxx,yy,zz step changes in stress, E’ha the 
adapted secant horizontal Young’s modulus and ν is Poisson’s ratio.   
In the case of triaxial compression and extension, Hooke’s Law can be reduced to: 
 
( )
2
2 '
−
∆ − ∆
= ∆ − = ∆ − ∆ = ∆ a r ha
r r a
E
q
ε δ ε δ
σ δ σ δ σ δ δ   (5.3) 
     
where δ∆εa is the step change in axial strain, δ∆σr the step change in radial stress, δ∆σa 
the step change in axial stress (which is zero as the overburden is constant in this case) 
and δ∆q is the step change in deviator stress. 
Using Hooke’s Law, the stress changes are calculated from input strain changes. 
With this in mind, the relationship between radial and axial strain change, which was 
found experimentally, had to be considered. The same logic as adopted for radial strain 
change was used: 
 
∑ ∆ = ∆
i
a a
1
ε δ ε                                        (5.4) 
   
where ∆εa is the total change in axial strain, δ∆εa the step change in axial strain and i the 
number of steps considered. For the step change in axial strain the value of ∆εa was 
calculated based on ∆εr and the hardening parameter for timestep i, and then again for 
timestep i+1. The step change in axial strain, for timestep i+1, was then calculated as: 
 
) ( ) 1 (
) 1 (
i a i a
i a ε ε ε δ ∆ −
+
∆ = + ∆                           (5.5) 
 
where ∆εa is total change in axial strain for the discrete step, δ∆εa is step change in axial 
strain and i the step number considered.   101 
In the case of secant horizontal Young’s modulus a correction had to be applied. 
When the secant stiffness is plotted the origin of the secant is the origin of the stress-
strain curve as shown in Figure 5.1. When the timestepping method is applied the axes 
are effectively transposed to a new origin on the stress strain curve for each step as 
shown in the figure. Without adaptation the model calculates the secant stiffness, E’h, 
based on a fixed origin for all points. Considering Figure 5.2, the secant stiffness values 
from the previous and current steps under consideration, based on the fixed origin, can 
be used to calculate the secant stiffness for the individual strain step. This allows the 
correction to the secant stiffness to be made as:  
 
) 1 (
) ( ) ( ) 1 ( ) 1 (
) 1 (
) ( ' ) ( '
'
+
+ +
+ ∆
∆ − ∆
=
i r
i r i h i r i h
i ha
E E
E
ε δ
ε ε
        (5.6) 
 
where: 
 
) 1 ( ) ( ) 1 ( + + ∆ + ∆ = ∆ i r i r i r ε δ ε ε             (5.7) 
 
In equation (5.6) and equation (5.7), E’ha is the corrected secant stiffness, E’h is the 
experimental secant stiffness derived by Xu (2005), ∆εr is the total radial strain change 
for the cycle and δ∆εr is the radial strain change for the timestep. The subscripts i+1 and 
i represent the current and previous timestep respectively. 
These adaptations to the model made it possible to implement the mathematical 
model using the timestep concept. 
 
5.2 Spreadsheet validation – Timestepping approach 
 
A critical stage of the validation process was to use a spreadsheet to ensure that the soil 
model calculation provided a stress-strain relationship which compared well to 
experimentally observed behaviour. Section 4.15 proved that the model prediction 
worked well considering discreet values of radial strain during a cycle, but the change to 
a timestepping approach required further validation. 
Again, the initial stage of implementation was to use the model to predict the 
change in relative density for the sample under cycling. This was done for the loose, 
dense and very dense sand tests carried out by Xu (2005), using the same initial   102 
densities and change in radial strain range applied. The results for density after cycling 
were then compared to the results of Xu and a good agreement was found. This was 
essential as this is also used to obtain the hardening parameter on which many of the 
model parameters rely. The second stage of the timestep validation was to consider the 
individual parameters, secant horizontal Young’s modulus and total change in axial 
strain. The adaptations discussed in Section 5.1 were then implemented and a change in 
radial stress for the timestep, δ∆σr, was calculated using Hooke’s Law as described in 
equation (5.2). The cumulative value of ∆σr was then calculated so that the stress-strain 
curve could be plotted as shown in Figure 5.3.  
It is worth noting that the Poisson’s ratio, ν, typically varied between 0 and 0.3. 
This is in agreement with the published literature which suggests, in the static case, that 
ν is expected to be around 0.25 for a granular material. 
With regard to failure, rather than use a complex criterion, bounds for passive 
and active failure based on the work of Rankine were adopted as discussed in Section 
4.15.  
In the tests 30 steps were used for each compression and extension phase of a 
cycle. However, to ensure that limiting the number of timesteps in this way had no 
bearing on the outcome, a special test was carried out with 1000 time steps to ensure 
that the results agreed. The timestep test was carried out for a number of cycles, varying 
the radial strain range and the initial density. It was found that the mathematical model 
performed well, ultimately proving that the model behaved as expected and was suitable 
for programming into the Finite Difference program FLAC. 
 
5.3 FLAC programming 
 
The model was implemented in a finite difference package, in this case FLAC (Itasca 
Corporation, 2005). FLAC (Fast Lagrangian Analysis of Continua) was chosen as it   
has the built in programming pseudo-language Fish (FLAC-ish) making it possible to 
program the mathematical model. In addition, it allows the use of interface elements to 
simulate the surface between the structure and soil. The program style was based on the 
existing models in FLAC such as Mohr-Coulomb and Cam Clay.  
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5.3.1 Finite difference method program - FLAC 
 
Stress and strain analysis is concerned with solving the basic differential equations of 
equilibrium and compatibility. Closed form analytical methods can only be used where 
the load distribution, section properties and boundary conditions can be described by 
mathematical expressions. However, for more complex structures, numerical methods 
are a more practical means of analysis. The finite difference method (FDM) is one of 
these and is that implemented by FLAC. 
The finite difference method is a numerical technique used for the solution of 
sets of differential equations, given initial values and/or boundary conditions. Every 
derivative in the set of governing equations is replaced directly by an algebraic 
expression written in terms of the field variables (e.g. stress or displacement) at discrete 
points in space. These are undefined within elements.  
FLAC uses a stepping sequence to solve the equations generated. The general 
calculation sequence used within FLAC is illustrated in Figure 5.4. The Equations of 
Motion are invoked to derive velocities and displacements based on forces existing 
within the system. Strain rates are then derived from the velocities, and in turn stresses 
are derived from the strain rates based on constitutive equations. Each cycle round the 
loop is a single timestep. Each box in Figure 5.4 updates all of its grid variables from 
the previous that remain fixed while control is within the box. For example, the lower 
box takes the set of velocities already calculated, and, for each element, computes new 
stresses. The velocities are assumed to be frozen for the operation of the box so that that 
newly calculated stresses do not affect the velocities. This is facilitated by applying a 
timestep size small enough such that information cannot transfer from one element to 
another within the physical system under consideration. Since one loop of the cycle 
occupies one timestep the fact that velocities are assumed to be frozen is valid. 
The central concept to the FLAC solution is that the solution wave speed stays 
ahead of the physical wave speed. This method means that no iteration is required when 
computing stress from strains in an element, even if the constitutive law is very non 
linear. However, to ensure that solution wave speed stays ahead of the physical wave 
speed a small timestep must be adopted, resulting in a large number of steps. In an 
already complex model as is being implemented here this results in a very 
computationally expensive analysis.   104 
Finally, since a global stiffness matrix is not required, it is a trivial matter to 
update co-ordinates at each time step in large-strain mode. The incremental 
displacements are added to the coordinates so that the grid moves and deforms with the 
material it represents, a Lagrangian formulation. The constitutive formulation at each 
step is a small-strain one, but is equivalent to a large-strain formulation over many 
steps. 
When using FLAC the problem, such as the abutment geometry, initial 
properties and loading, is defined in a “.dat” file, while the numerical soil model is 
defined in a “.fis” file. The “.dat” file invokes the “.fis” routine every time there is a 
displacement within the system.  
 
5.3.2 Failure 
 
As discussed in Section 4.15, the results of Xu (2005) indicate that the Mohr-Coulomb 
model is suitable for predicting the onset of failure. A full description of the Mohr-
Coulomb failure criterion used is given in Appendix D. 
The work of Xu et al. (2007) indicates that the mobilised friction angle changes 
depending on the number of cycles that a sample has undergone, particularly with 
looser soils. Although Xu used this to illustrate the effects of the rolling/sliding 
mechanism, it will clearly have an effect on the theoretical stress limits at failure. Xu 
determined the mobilised angle of friction using monotonic shearing after cyclic loading 
and these values have been adopted in the model.  
Mohr-Coulomb is a commonly used failure criterion, and the pre-existing 
programming subroutine within FLAC was used in this case. The formulation in FLAC 
includes a shear yield function with a tension cut-off. Using this criterion, ‘trial’ stresses 
are evaluated using Hooke’s Law assuming no failure occurs. The subroutine evaluates 
the principal stresses based on an elastic strain increment. The new ‘trial’ stresses are 
then used in conjunction with the shear and tensile failure envelope, and an assessment 
of whether failure has occurred or not is made, as is shown in Figure 5.5. With reference 
to Figure 5.6, if failure has occurred it will lie in either the shear or tensile domain. 
Which domain it lies in is determined using the function ‘h’. 
If shear failure is found to occur, plastic corrections are required, and the stress 
point is brought back to the failure surface (fs = 0) using a non-associated flow rule 
derived using a potential function. Similarly, if tensile failure takes place, plastic   105 
corrections are again required, and the stress point is brought back to the surface (ft = 0) 
using an associated flow rule.  
Using this subroutine ensured that the failure and post-failure behaviour could 
be modelled suitably. 
 
5.3.3 Fish model 
 
The soil model was implemented into the finite difference program using the Fish 
programming language. Appendix E contains an annotated copy of the model.  This 
shows the manner in which the model uses the change in radial strain as an input and, 
via a series of subroutines, calculates the resulting change in stress. Appendix F is a 
flow chart of the model’s operation which is discussed here. 
The methodology of the written fish model follows that of the spreadsheet 
validation. Initially, the total change in radial strain is calculated based on the step 
change in radial strain and the previous cycle total value (which is reset to zero if the 
cyclic direction has changed), as detailed by equation (5.1). Using the hardening 
parameter, the coefficients (A, B, C, D, X, Y, Q and R) are calculated and values for 
change in axial strain and secant horizontal Young’s modulus are calculated, 
independent of whether a compression or extension cycle is being considered. The 
correct value of change in axial strain is then defined, depending on compression or 
extension, allowing the step change in axial strain to be calculated. The applicable value 
of secant stiffness is determined, again dependant on compression or extension, and the 
correction as discussed in equation (5.6) is applied. 
The next stage of the model uses the derived values of secant stiffness and axial 
strain to calculate the resulting stress change. Poisson’s ratio, ν, is based on a similar 
methodology to that of equation (4.26), 
 
r a
a
ε ε
ε
υ
∆ − ∆
∆
=
2
              (5.8) 
 
where ∆εr is the total change in radial strain and the ∆εa the total change in axial strain. 
Poisson's ratio is bounded by two limits given in equation (5.9): 
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2
1
1 ≤ ≤ − υ                 (5.9) 
 
where if Poisson’s ratio, ν, is 0.5 the material is incompressible. The limit is due to the 
requirement that Young’s modulus (E), shear modulus (G), and bulk modulus (K) must 
all remain positive. Materials do not normally have negative Poisson’s ratio (indicating 
an increase in axial strain when radial strain is increased), however under the 
relationship found between the change in axial strain and the change in radial strain, this 
may be possible early in a cycle. 
This allowed the corrected shear modulus, G’, and bulk modulus, K’, to be 
calculated as: 
 
  ( ) ν +
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1 2
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'
ha E
G                 (5.10) 
( ) ν 2 1 3
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K                (5.11) 
 
Where E’ha is the corrected secant horizontal Young’s modulus and ν the Poisson’s 
ratio. The following coefficients, α1 and α2, were then calculated as: 
 
'
3
4
' 1 G K + = α                (5.12) 
'
3
2
' 2 G K − = α                (5.13) 
 
and, using Hooke’s Law, allowed the step stress changes to be calculated as: 
 
( ) ( ) 2 1 α ε δ ε δ ε δ α σ δ × ∆ + ∆ + ∆ × = ∆ zz yy xx xx         (5.14) 
 
( ) ( ) 2 1 α ε δ ε δ ε δ α σ δ × ∆ + ∆ + ∆ × = ∆ zz xx yy yy        (5.15) 
 
( ) ( ) 2 1 α ε δ ε δ ε δ α σ δ × ∆ + ∆ + ∆ × = ∆ yy xx zz zz         (5.16) 
 
xy ha xy G τ δ γ δ ∆ × = ∆ ' 2              (5.17)   107 
 
and the new cumulative values of stress as:  
 
) ( ) 1 ( ) ( i xx i xx i xx σ δ σ σ ∆ + = −             (5.18) 
 
) ( ) 1 ( ) ( i yy i yy i yy σ δ σ σ ∆ + = −             (5.19) 
 
) ( ) 1 ( ) ( i zz i zz i zz σ δ σ σ ∆ + = −             (5.20) 
 
) ( ) 1 ( ) ( i xy i xy i xy γ δ γ γ ∆ + = −             (5.21) 
 
where i and i-1 represent the current and previous timesteps respectively. 
The cumulative values of stress, calculated by the fish model, are passed to the 
failure subroutine which determines whether failure has occurred as discussed in 
Section 5.3.2. At the end of this subroutine, the components of stress are updated if 
required.  
The model then calculates the volumetric strain: 
 
) ( ) ( ) ( ) 1 ( ) ( i zz i yy i xx i v i v ε δ ε δ ε δ ε ε ∆ + ∆ + ∆ + ∆ = ∆ −        (5.22) 
 
The final stage of the model is the calculation and definition of the new hardening 
parameter value, based on the step change in radial strain, which is stored for the next 
timestep. 
When implementing any soil model, it is important to consider the error limits 
which must be introduced to minimise the risk of mathematical instability. To ensure 
the secant horizontal Young’s modulus remains positive, a limit was defined which 
ensured the minimum possible value was set as 10MPa. In conjunction with equation 
(5.9), this ensured that secant stiffness, shear modulus, and bulk modulus all remain 
positive. Similarly, the axial strain change was restrained to a limit of not having a 
magnitude two times greater than the internal FLAC axial strain change. If this limit 
was breached, the internally calculated FLAC axial strain change would be used. 
This series of subroutines allows the stress-strain relationship to be defined 
within the finite difference program. Before the program could be used to predict lateral   108 
soil stress profiles in the case of an abutment system, it was essential to validate it and 
ensure it worked as intended. 
 
5.3.4 Sign convention 
 
The sign convention adopted for the model was that used by FLAC. When considering 
direct stress and strain, a positive value indicates tension while negative indicates 
compression. Referring to Figure 5.7, a positive shear stress points in the positive 
direction of the coordinate axis of the second subscript if it acts on a surface with an 
outward normal in the positive direction. If the outward normal of the surface is in the 
negative direction, then the positive shear stress points in the negative direction of the 
coordinate axis of the second subscript. Shear strain follows the convention of shear 
stress. The distortion associated with positive and negative shear strain is illustrated in 
Figure 5.8. 
 
5.4 Validation of the FLAC implementation for a single 
element 
 
A “.dat” file, annotated in Appendix G, was created which simulated the triaxial test, an 
axi-symmetric model with a single element. The granular soil model was assigned to the 
element with the properties as published by Xu (2005). The initial loading condition 
was then defined, with an overburden of 80kPa to simulate a typical element at 4m 
depth, and ‘at rest’ horizontal stresses. It is common practice to run the model to a state 
of equilibrium prior to exerting loads. This was not necessary in this case as the exact 
loading history was known, and the stresses could be installed as in the experimental 
case. 
To model a complete cycle of integral bridge loading, a loop was created to 
apply the change in radial strain being considered. This was designed to apply the 
compressive change of radial strain, have a rest period with no movement, apply the 
extension change in radial strain and have a second rest period. Each stage was applied 
over 1000 timesteps with the velocity set to achieve the change in radial strain desired. 
To hold the vertical stress constant at 80kPa it was reset to 80kPa after every 20 
timesteps. Although in reality this was held absolutely constant, using a 20 timestep   109 
interval achieved a balance between accurate and practical modelling. The loop was 
repeated to achieve the number of radial strain change cycles required for the test.  
 
5.4.1 FLAC triaxial test results 
 
The same approach to testing was applied to the FLAC case as had been adopted with 
the spreadsheet. The triaxial “.dat” file was tested using the FLAC in-built elastic model 
to ensure that it ran in the manner designed. The elastic model was then replaced by the 
granular model and each aspect of the model was compared to its calculated spreadsheet 
equivalent. 
The first parameter to be tested was the radial strain input. This was controlled 
by the triaxial “.dat” model and was found to behave as expected, and as shown in 
Figure 5.9. Many of the essential parameters rely on the Hardening Parameter, γ. 
Therefore an essential check was the development of the Hardening Parameter with 
applied cycles of radial strain change, a typical example is shown as Figure 5.10. This 
was found to work well and allowed the various coefficients reliant on this to be 
checked. Individual variables such as the secant horizontal Young’s modulus, Figure 
5.11, and the total change in axial strain, Figure 5.12, were tested and compared to 
spreadsheet values to ensure that they behaved as expected. Finally, the corrected secant 
stiffness and timestep change in axial strain, for a radial strain step change of 
±0.0001%, were tested providing the results as shown in Figure 5.13 and Figure 5.14 
respectively. 
Section 4.7 discussed that the soil densifies at two distinct rates under cycling 
before and after the critical relative density DR(crit) is reached. As an additional check to 
ensure the model worked, the gradients of hardening parameter, calculated as reliant on 
the cycles of radial strain change, and the volumetric strain, found by the cumulative 
summation of the individual components of strain, were plotted and the gradients 
compared. A typical example is shown in Figure 5.15. This indicates that the model 
works as expected, with the two gradients similar. 
The final stage was to run the model calculating the stress changes. A typical 
plot of change in radial strain against deviator stress over many cycles is shown in 
Figure 5.16. The model behaves as expected, with peak lateral stress increasing with 
cycles and the active state met upon each unloading excursion. The model prediction is   110 
also accurate within an individual cycle meaning that part cycles can also be modelled. 
The results as published by Xu (2005) are superimposed in Figure 5.16. 
Section 4.9.3 and Section 4.10.1 discussed the importance of considering the 
shape of the relationships between the coefficients (A,B,C,D,Q,R,X and Y) and the 
hardening parameter. The aim of giving this consideration at an early stage was to 
ensure that the build up of stress with cycles increases smoothly and does not fluctuate 
unstably. Three tests were carried out to ensure this was the case, with an initial value of 
55% relative density and cycling to higher values, this being the range most applicable 
to subsequent tests. Cyclic strain ranges of 0.050% (2000 cycles), 0.075% (1500 cycles) 
and 0.100% (1000 cycles) were considered. Part of a typical test result is shown in 
Figure 5.17. The results indicate that as the sample cycles, the peak value of lateral 
stress increases. There is little fluctuation, and the model is behaving as designed. 
The major advantage of implementing the soil model in a finite difference 
method triaxial test is that many cycles can be considered. While Figure 5.16 and Figure 
5.17 showed the development of stress with cycles, the development of the individual 
parameters can also be considered. Figure 5.18 shows the development of the secant 
stiffness with cycles for the compression phase. As the number of cycles of radial strain 
change increases, the value of the hardening parameter increases resulting in a stiffer 
material. Similarly, the development of change in axial strain occurring due to changes 
in radial strain can be considered, as shown in Figure 5.19. This shows that axial strain 
change increases with cycles of radial compression, and as would be expected, the 
change in axial strain under radial extension also increases to ensure that the volumetric 
change, which is reliant only on axial strain, is small. In relation to each other, the 
magnitude of axial strain change is larger for an extension phase following a 
compression phase, accounting for the densification occurring.  
 
5.4.2 Post dilation behaviour at triaxial level 
 
The curves of deviator stress against change in radial strain shown in Figure 5.16 were 
obtained for an element which was densifying under cycles. Further work by Xu (2005) 
demonstrated that the effects of rolling and sliding were significant and accounted for a 
stiffening of the soil even when the soil was dilating. Therefore, the triaxial test carried 
out on a very dense sand by Xu was considered to ensure this important behaviour was 
replicated by the model.   111 
Investigation of the dilation behaviour was carried out using a model which was 
executed for 250 cycles from an initial relative density of 91.5%. This ensured that the 
model would densify for a number of cycles before dilating. To determine when dilation 
occurred, it was essential to consider the change in axial strain with respect to the 
change in radial strain, as shown in Figure 5.20.  
The volume can only increase under radial extension, and as radial strain is a 
controlled input, only axial strain change can account for the volume change.  
With reference to Figure 5.20, under radial extension, between the 1
st and 53
rd 
cycles, it is notable that the magnitude of axial strain change is larger in the latter. This 
is similar to the trend noted in Figure 5.19 and discussed in Section 5.4.1. As the 
magnitude of change in axial strain is larger under radial extension than radial 
compression, for a cycle of compression followed by extension, the sample is will have 
increased in density by the end of the cycle. Conversely, between the 53
rd and 250
th 
cycle, the magnitude of change in axial strain decreases with cycles of radial extension. 
However, under radial compression, the change in axial strain continues to increase. 
This means that the magnitude of axial strain change is greater in the radial compression 
phase and the sample is dilating. 
When considering this in relation to coefficients X and Y, shown in Figure 4.12 
and 4.13 respectively, it indicates that the model is behaving as desired. Coefficients X 
and Y do not change trend when dilation occurs, and neither does the axial strain change 
behaviour under cycles of radial compression. Conversely, when considering Q and R, a 
minimum is reached at a hardening parameter of approximately 92% in both cases. 
Figure 5.21 is a plot of relative density against cycles which shows that at 
approximately 92%, the element starts to dilate. This is caused by the change in 
direction of Q and R after the minima.  
Figure 5.22 shows the secant stiffness for the 1
st, 53
rd and 250
th cycle (extension 
phase). This shows that despite dilation, the soil was continuing to stiffen as had been 
determined by Xu. This was the expected result, as the model was designed to ensure 
this behaviour was replicated.  
Using the axial strain change and secant stiffness relationships allowed the curve 
of deviator stress against change in radial strain to be produced, as shown in Figure 
5.23. Comparing with the superimposed experimentally determined deviator stresses, 
results showed that the model behaved well. Considering the behaviour of axial strain   112 
change and secant stiffness change, showed that the model behaved as designed when 
considering both densification and dilation. 
 
With the mathematical basis of the model being validated by spreadsheet, and the finite 
difference program as implemented in FLAC being validated at the triaxial element 
level, the model was suitable for the next step of the validation process. This used 
independent centrifuge test results to assess the suitability of the model in predicting 
abutment lateral soil stress profiles when considering the whole abutment and soil 
system. This is discussed in Chapter 6. 
 
5.5 Summary 
 
The mathematical model developed and validated in Chapter 4 has been adapted to 
allow its use in the timestep formulation. This new implementation method was 
validated, proving that for a single cycle the mathematical model allowed accurate 
predictions to be made for change in radial stress based on the change in radial strain. 
The model was subsequently implemented in a finite difference method 
program, FLAC, via its inbuilt language Fish. Validation of the model implementation 
was conducted by replicating the triaxial tests upon which the model was based. While 
the spreadsheet test proved the model worked for a single cycle, the extension to FLAC 
code proved that for repetitive cycles of radial strain there was a build up of radial 
stress. When this was evaluated with the experimental results they were found to 
compare well. 
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Figure 5.1 Effect of ‘timestepping’ method on the value of secant stiffness adopted in 
Hooke’s Law 
 
 
 
Figure 5.2 Calculation of adapted secant stiffness considering origin and step axes 
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Figure 5.3 Typical curve of predicted change in lateral stress against change in radial 
strain using the granular model and stepping methodology 
 
 
 
Figure 5.4 The FLAC Calculation Sequence 
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Figure 5.5 Determining Mohr - Coulomb failure criterion 
 
Figure 5.6 Definition of shear and tensile failure using Mohr-Coulomb criterion 
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Figure 5.7 Positive shear stress sign convention used in FLAC 
 
 
Figure 5.8 Shear strain sign convention used in FLAC 
 
 
 
Figure 5.9 Input change in radial strain against time steps from the FDM 
implementation   117 
 
 
Figure 5.10 Increase in hardening parameter against cycles of change in radial strain 
determined using FDM implementation 
 
 
 
Figure 5.11 Typical comparison between predicted and modelled secant horizontal 
Young’s modulus against radial strain change for a compression phase of 0.1% showing 
FDM and spreadsheet implementation   118 
 
Figure 5.12 Typical change in axial strain for an extensive radial strain range change of 
0.10% comparing FDM and spreadsheet implementation 
 
 
 
Figure 5.13 Typical comparison of FDM and spreadsheet implementation for the 
corrected secant stiffness against radial strain change prediction for a compression 
phase of 0.1% 
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Figure 5.14 Typical comparison of spreadsheet and FDM implementation of step 
change in axial strain against change in radial strain prediction 
 
 
Figure 5.15 Comparison between gradient of increase in volumetric strain and change in 
hardening parameter for cycles of change in radial strain from FDM implementation   120 
 
Figure 5.16 Plot of predicted change in deviator stress against change in radial strain 
using the FDM implementation for dense sand - experimental values superimposed 
 
 
 
Figure 5.17 Typical plot of lateral stress against cycles of radial strain change showing a 
constant increase in peak values from FDM implementation 
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Figure 5.18 Typical example of varying secant stiffness profile with cycles (extension 
phase of dense sand) - from FDM implementation 
 
 
Figure 5.19 Typical example of variation in axial strain change with cycles (dense sand) 
- from FDM implementation   122 
 
 
 
Figure 5.20 Typical example of variation in axial strain change with cycles (very dense 
sand) - from FDM implementation 
 
 
 
Figure 5.21 Plot of change in relative density against cycles for the very dense sand 
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Figure 5.22 Typical example of varying secant stiffness profile with cycles (extension 
phase of very dense sand) - from FDM implementation 
 
 
Figure 5.23 Plot of predicted change in deviator stress against change in radial strain 
using the FDM implementation for very dense sand - experimental values superimposed   124 
Chapter 6 System level validation and testing of the 
soil model  
 
The discussion in Chapter 5 proved that the implemented soil model was capable of 
reproducing the pre-failure stress-strain behaviour observed at triaxial level. Further 
testing showed this to be the case for both the pre and post-dilation behaviour of soil 
under integral bridge loading. The model was tested as far as was practicable at the 
element level, but further validation was required to assess its suitability for predicting 
the lateral soil stress which acts on an abutment. Modelling a centrifuge test by 
independent researchers was considered a suitable manner of validating the soil model 
at system level, with the predicted and observed results being compared to determine 
the suitability of the model for predicting peak lateral stress. 
While validation indicated that the model and centrifuge testing behaviour 
correlated, further testing was required to assess how the model behaved when 
considering different deck and abutment dimensions. This was achieved by 
investigating the model behaviour using a range of abutment heights and displacements 
at deck level. Deck lengths between 15m and 150m were considered, with retained 
heights varying between 3m and 8m. This ensured the model was tested for geometric 
ranges which would be likely for a typical integral bridge, and that no mathematical 
anomalies occurred.  
 
6.1 Physical model and prototype 
 
As discussed in Section 3.4.2, a series of centrifuge tests, carried out by Tapper and 
Lehane (2004), used a 1:20 scale model of an abutment wall to investigate lateral soil 
stress. The centrifuge model had a pinned base and retained siliceous sand. Three 
rotation amplitudes were investigated and the results indicated that a steady state had 
not been reached. This is in conflict with the findings of Springman et al. (1996) and 
England et al. (2000) who both reported the development of a steady state condition. 
The work of Xu (2005), on which the model is based, also did not find a steady state, so 
the work of Tapper and Lehane was adopted for validation.   125 
The physical centrifuge model used by Tapper and Lehane (2004) retained 
200mm of soil, with 200mm wide abutment and a length of 530mm designed to ensure 
that boundary effects were negligible. The abutment was hinged at its base, and deck 
displacement was modelled by applying a constant velocity at the top of the retained 
height. 
The centrifuge model created by Tapper and Lehane represented 4m of retained 
soil (H) in the prototype. The experiment was carried out 3 times and a summary of the 
tests are given in Table 6.1. In the table, ∆ is the maximum and minimum wall 
displacements from the mean position as shown in Figure 6.1, and DRini is the initial 
relative density prior to cycling. In each experiment 1000 cycles of wall displacement 
were applied. 3 No. pressure cells were used to measure the lateral soil stress acting on 
the abutment.  
 
Table 6.1 Summary of Tapper and Lehane (2004) centrifuge tests 
 
Test  Model ∆  Prototype ∆  Rotation ∆/H  DR ini 
C1  0.10mm  2mm  0.05%  46% 
C2  0.40mm  8mm  0.20%  53% 
C3  1.26mm  25mm  0.63%  48% 
 
 
6.2 FLAC abutment model 
 
As discussed in Section 6.1 the centrifuge tests of Tapper and Lehane were deemed 
appropriate for validation of the soil model. It is common to model such a system using 
a plane strain analysis, where as the strain in one direction is much less than the strain in 
the two other orthogonal directions so is assumed to be zero. 
 
6.2.1 Soil model conversion from triaxial to plane strain modelling 
 
The soil model was based on a curve fit using measurements from triaxial testing. 
However, modelling of the centrifuge tests would require a plane strain model to be 
developed. Therefore, consideration had to be given to the differing behaviour of soil 
under triaxial and plane strain conditions.  
The influence of the intermediate principal stress, in comparison to the other 
principal stresses, on the shear strength of soils has been investigated by many   126 
researchers in the past, for example Ochiai and Lade (1983). This has indicated that 
peak strength is generally greater in the plane strain condition than that defined by the 
Mohr-Coulomb failure criterion. This corresponds to an increase in the peak value of 
effective friction angle when comparing the plane strain and triaxial conditions. To 
account for this variation, several researchers have proposed alternative failure surfaces 
such as Lade’s (Lade and Duncan, 1975) shown in Figure 6.2. Figure 6.3 compares 
values of plane strain and triaxial angles of shearing resistance (effective friction angle) 
for varying angles of dilation, as reported by Georgiadis et al. (2004). 
The initial density of the sand in the Tapper and Lehane (2007) tests varied 
between 46% and 53%. As discussed in Section 3.4.3, the initial angle of internal 
friction is not a function of the initial density. In the Tapper and Lehane monotonic 
plane strain test a value of 7 was measured for Kp, corresponding to a plane strain angle 
of friction of approximately 37°. The value used during modelling was set as 35°, taken 
from the angle reported by Xu (2005) for dense sand. Taking the dilation as the 0° used 
in the analysis, if Lade’s surface had been used a value of approximately 40° would 
have been adopted resulting in an overestimate of the measured value.  
In the tests of Xu (2005) on dense sand, the effective friction angle varied 
between estimated values of 35° and 42°. Tapper and Lehane do not report when the 
value of Kp was determined, but it is assumed this is after cycling. The work of Xu 
indicates this would have increased from a lesser value. Therefore, an internal friction 
angle of 35° was deemed appropriate for use in the analysis. 
Table 6.2 provides a summary of the model parameters adopted for each test. 
 
Table 6.2 Summary of parameters adopted for Centrifuge modelling 
 
Test  DR ini  Friction 
angle (f')  (f')  (f')  (f') 
Dilation 
Angle (Y)  (Y)  (Y)  (Y) 
C1  46%  35°  0° 
C2  53%  35°  0° 
C3  48%  35°  0° 
 
6.2.2 Centrifuge test modelling 
 
Centrifuge testing is designed so that small scale tests can replicate prototype loading, 
in this case gravity. Installing the gravitational stresses resulting from the centrifuge   127 
would create an unnecessary complication for the FLAC model. For this reason, the 
prototype which the centrifuge test emulated, as shown in Figure 6.4, was modelled. 
A plane strain model was created to represent the prototype system. This 
retained 4m of granular soil with the vertical boundary 10.6m from the abutment, the 
prototype dimensions from which the centrifuge was derived. The bottom boundary was 
fixed against movement in the x and y direction and the vertical boundary against 
movement in the x-direction. A 320mm thick wall was adopted in the model, and 
displaced at the retained height to model the movement applied by Tapper and Lehane.  
In the implementation, a soil mass was created then a wall installed. The next 
stage removed a ‘column’ of elements to allow an interface to be created between the 
soil mass and the wall. These three stages are shown in Figure 6.5. The soil was 
represented by rectangular elements (divided into triangular subzones within FLAC) 
which were reduced iteratively in size until the element size did not influence the 
accuracy achieved. Two element grids giving lateral soil stress where the difference in 
the results achieved was within 4% was considered a sufficient level of accuracy. The 
initial and final grids are shown in Figure 6.5 and Figure 6.6 respectively, with the latter 
composed of 576 elements. As the grid was refined it was also graded so that elements 
immediately adjacent to the wall were made smaller as this was the area of interest. 
Grading the grid ensures an improved level of accuracy while not increasing computing 
expense by the same level. Although further refining the grid would be desirable, the 
computing expense of this was prohibitive. A typical user defined model is estimated to 
take 4 times longer to run than a standard FLAC model. The fact that the model is 
complex with many subroutines, that it already contains small elements and requires a 
large number of timesteps to achieve equilibrium meant that it was not practical to 
further refine the grid. 
When implementing any FLAC analysis, the displacement must be applied over 
a number of timesteps. The FLAC manual (Itasca Corporation, 2005) offers no 
guidance on how many steps should be adopted for a cyclic load such as that being 
considered in this case. In the triaxial model a large number of steps could be adopted to 
apply a load as the model was only a single element and therefore computationally 
inexpensive. When using a grid of elements the number of timesteps must be 
considered, to ensure that they are small enough to avoid ‘shock’ loads but large enough 
to ensure that computation time is practical.    128 
The basis of the timestep method relies on ensuring that the computational wave 
stays ahead of the physical wave. To examine this, whenever the element grid was 
refined, a single cycle of the largest abutment displacement was applied. Throughout the 
cycle regular plots of bending moment were created to ensure that the change in 
moment was consistent with the type of loading. If the step change was too large then 
the moment diagram would not be consistent and become distorted, as it would be 
trying to account for different loading conditions, i.e. there would be interaction 
between the wall being displaced into the retained soil and moving away from the soil. 
In the first two cases, rotational magnitudes of 0.05% and 0.20%, it was found that 200 
steps was sufficient for modelling the abutment top displacement, and in the largest case 
(0.63% rotational magnitude) 400 steps were adopted. To reach equilibrium, prior to 
cycling commencing, no step limit was placed but a maximum unbalanced force 
magnitude of 10N was applied. This is discussed further in Section 6.3. 
A standard two-dimensional beam element was used to model the abutment in 
FLAC. The beam has 3 degrees of freedom at each end node and is assumed to behave 
as a linearly elastic material with both an axial tensile and compressive failure limit. 
These elements allow, amongst other parameters, bending moment, shear forces and 
displacements to be extracted from the model. The material (Young’s modulus and 
density) and geometric properties (area and moment of inertia) are defined by the user. 
In FLAC, the Young’s modulus of the abutment must be divided by (1−ν
2), where ν is 
the Poisson’s ratio of the aluminium (taken as 0.3), to account for difference between 
the plane-stress formulation of the structural elements and plane-strain use as required 
here. 
The abutment was modelled as a single beam element, broken down into a 
number of segments. The number of segments was equal to half the vertical number of 
soil elements adjacent to the wall. During stepping to equilibrium, the wall was 
modelled with a pinned  support at the top and at the base, by fixing movement in the 
horizontal and vertical directions. No explicit mention was made of this in the published 
data by Tapper and Lehane (2004), but the fact that the wall was pinned at the base 
indicates that some method of support must have been provided at deck level to ensure 
the wall remained vertical during the sand placement process. During cycling, the top of 
the wall was displaced to replicate deck expansion and contraction, and the base 
remained as a pinned support.    129 
An important part of the modelling process is the interface between soil and wall 
which can be modelled in FLAC. This requires the specification of wall friction, based 
on φ’mob/2 as suggested by BA42/96 (Highways Agency, 2000a), and Normal and shear 
stiffness, kn and ks respectively, which were assigned based on the recommendations of 
the FLAC Manual (Itasca Corporation, 2005). FLAC recommends the normal and shear 
stiffness be prescribed as: 
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where K and G are bulk and shear secant stiffnesses for the soil, and ∆zmin is the smallest 
width of an adjoining zone in the normal direction, in this case the smallest width of soil 
element adjacent to the abutment. FLAC allows stiffness to vary with overburden so the 
‘max [ ]’ notation indicates that the maximum value over all zones adjacent to the 
interface is used. In this research there are additional issues that the model stiffness 
varies during a single cycle, with a maximum value at the start, and also with cycles. 
The maximum values of K and G were based on  a radial strain value of 0.001% during 
the extension cycle and a hardening parameter value of 160%. 
Modelling the physical test in this way allowed the soil model to be used to 
predict the lateral stresses which develop behind integral bridges, and assess its 
suitability for modelling the soil/abutment system. 
 
6.3 Initial modelling using constant secant stiffness with depth 
 
As with the triaxial testing, a piecemeal approach was again implemented to ensure that 
the model behaved as expected. The abutment geometry was created in a “.dat” file 
which contained the material properties and the initially unrefined mesh. The linear 
elastic material model contained within FLAC, specifying density and Young’s 
modulus typical of granular material (1800kg/m
3 and 100MPa respectively), was used 
to ensure that the “.dat” model of the abutment operated as expected. Although Young’s 
modulus varies with depth, as discussed by Way and Yandzio (1997), this was initially 
omitted to investigate its significance in the modelling process.   130 
In FLAC the displacement cycle was applied over 800 steps. This included the 
increment of applying a displacement, + ∆ or – ∆ as shown in Figure 6.1, over 200 
timesteps. Applying the displacement over a large number of timesteps ensures that 
shock loading does not influence results as advised by the FLAC Manual. Each cycle 
consisted the following: -∆; +∆; +∆; -∆. This loop was continuous with no rest period. 
Tapper and Lehane do not discuss the manner in which the loops of cyclic displacement 
were applied. An annotated copy of the file is given in Appendix H. 
In contrast to the triaxial test, the exact stress history of the soil was not known 
prior to cycling. Therefore, an initial state had to be simulated by installing stresses 
within the model. Written into the “.dat” file was an initial vertical stress condition 
based on overburden increasing dependant on depth: 
 
gz v ρ σ =                  (6.2) 
 
where σv is the vertical stress, g is the gravitational constant and z is depth below the 
surface of the soil mass. The lateral stress was based on at rest earth stresses calculated 
using the ‘at rest’ soil stress coefficient, Ko. 
 
v o h K σ σ =                  (6.3) 
 
where Ko is defined in equation (3.3) and σh is the lateral stress. Figure 6.7 shows 
contours of the initial lateral stresses installed. 
FLAC uses this information and invokes the soil model to step the system to 
equilibrium. Equilibrium is achieved when the unbalanced force (the maximum nodal 
force vector) within FLAC is below a user-defined limit, in this case a value of 10N was 
defined as suitable. A plot of unbalanced forces is shown in Figure 6.4.  
Figure 6.8 shows that the model comes to equilibrium on two separate 
occasions, firstly after wall installation and again after the ‘column’ of elements has 
been removed and the wall is free to displace to its equilibrium position between 
restraints. Figure 6.9 shows the lateral stress condition after equilibrium has been 
achieved. This is the stress stage immediately prior to the wall undergoing cyclic 
displacements. Tapper and Lehane (2004) do not report the initial condition in testing,   131 
but assuming that the system was at equilibrium then the FLAC model state prior to 
cycling is suitable. 
The model was executed three times, once for each of the three cyclic 
amplitudes of 0.05%, 0.20% and 0.63%. For various cycles, the peak value of lateral 
stress was extracted from the model and plotted in Figure 6.10 to Figure 6.11. These are 
plotted against the experimentally measured results for locations coinciding with the 
centrifuge pressure cells.  
Figure 6.10 shows that while the model provides reasonable estimates of lateral 
stress at the lowest amplitude considered, the peak lateral stress at low confining stress 
is overestimated. Also notable is the fact that lateral stresses increase in the prediction, 
unlike the experimental case where small cycles of constant amplitude cause no change.  
Cycles of 0.20% amplitude are shown in Figure 6.11. This shows the model 
provides reasonable values in comparison to the measured results, although it 
underestimates the peak values of lateral stress. In particular, with the exception of the 
uppermost cell location, the change in magnitude between cycles is similar in both the 
experimental and predicted case. Lateral soil stress profiles for the 5
th and 100
th cycles 
of 0.63% amplitude are shown in Figure 6.12. Again, for the predicted case, peak lateral 
stresses are underestimated in comparison to the measured values, but the magnitude of 
change between cycles is similar. 
Considering all cases, it can be noted that the model provides predictions of 
lateral stress which are of a similar magnitude to the measured values. In particular, 
analysis of the results shows that the magnitude of change in peak lateral stress between 
cycles is similar. However, it can be seen that the difference between the measured and 
modelled results of peak lateral stress is greater at low confining stresses than at high 
stress. This indicates that consideration of the secant stiffness profile is essential in the 
modelling process.  
 
6.4 The influence of varying secant stiffness with depth 
 
The testing is Section 6.3 had shown that using a constant value of secant horizontal 
Young’s modulus with depth resulted in overestimates of lateral stress at low confining 
stresses. Young’s modulus increases with depth, and it was postulated that this would   132 
account for this error. Therefore, the variation of Young’s modulus with depth was 
considered. 
 
6.4.1 Development of Young’s modulus profile 
 
An integral bridge typically causes the retained soil to display small strain properties. 
Xu (2005) considered this and designed accordingly his triaxial tests to investigate 
radial stress and axial strain, from which the secant horizontal Young’s modulus was 
derived.  
It is generally considered that Young’s modulus is not constant with depth, a 
critical model feature when considering the abutment system as a whole and not a single 
element. Initial testing indicated this to be the case and a profile was developed for use 
in modelling.  
Lehane et al. (1999) compiled a database of triaxial and torsional simple shear 
tests, which had been carried out at small shear strains, for various granular materials. 
These tests covered a range of stress states and granular materials, including Leighton 
Buzzard sand as considered by Xu (2005). The database contained details of vertical 
and horizontal stress (σ’vo and σ’ho respectively), void ratio (e), mean particle size (D50) 
and shear stiffness (Gs) at shear strains of 0.01% and 0.1%.  
Lehane et al. reported that the shear strain range for an integral bridge is likely 
to be in the range ∆/2H to 2∆/3H where ∆ is the maximum and minimum wall 
displacements from the mean position and H is the height of retained fill. The maximum 
bridge length considered within this study is 150m, as bridges in excess of this length 
would have problems associated with serviceability. Abutments would typically range 
from 3m to 8m in height, therefore shear stresses can be estimated to be of the order 
0.02% to 0.6% according to Lehane et al. This makes the database suitable for 
consideration with integral abutments. 
Lehane et al. consider a normalising function F(e), appropriate to clean siliceous 
sand such as the Leighton Buzzard sand under consideration in this study. This function 
is reliant only on the void ratio of the material and is discussed in more detail below. 
Using the normalising function, a plot of Gs/F(e) against p’o/patm (where the p’o is the 
initial average stress and patm is atmospheric pressure) on a logarithmic scale shows a 
linear relationship, with the gradient dependant on the value of shear strain. It was noted   133 
from the plot that the particular type of granular material considered did not influence 
its proximity to the best fit curve. Lehane et al used a value for Poisson’s ratio of 0.25, 
in agreement with that found by modelling as discussed in Section 5.2, allowing values 
of Young’s modulus to be computed.  
Xu derived the Young’s modulus of the soil, and this was subsequently used to 
develop the soil model. Using the work of Lehane et al, E’h /F(e) can be plotted against 
p’ for the two shear strain levels, 0.01% and 0.1%. These are shown as Figure 6.13 
which exhibits a linear relationship as expected. Plotting a best fit line through the data 
points indicates that between a shear strain of 0.01% and 0.1% the gradients are very 
similar.  
Using this data, it is possible to derive a suitable approximation for the profile of 
secant horizontal Young’s modulus with depth. With reference to Figure 6.14, it was 
assumed that during a cycle of radial strain change, there exists an initial value of secant 
stiffness, shown as E’h4 No, which exists only at the average stress used by Xu. In the 
model this is varied using a gradient, m, to a residual value E’h4 No at the surface. As the 
element undergoes a change in horizontal strain the secant stiffness changes to E’h Np as 
shown. As the average stress, p’, increases with depth the rate of change of secant 
stiffness remains as m, allowing a new surface value, E’h4 N P, to be evaluated. In 
modelling terms, the following steps were adopted to calculate the profile: 
 
•  Introduce values for the normalising function, F(e), and initial average stress, 
p’o4, at 80kPa overburden as properties into the FLAC model (calculated using 
values published by Xu)  
•  Use the soil model to calculate the secant stiffness at 80kPa overburden, E’h4 
•  Determine the surface value of E’h, denoted as E’h0, dependant on a fixed value 
of m 
•  Calculate the initial average stress throughout the soil model, p’o (using the 
previous cycle values) 
•  Determine and apply the secant stiffness profile as a function of p’o, E’h0 and 
F(e) 
 
The relationship between secant stiffness and average stress is assumed to be linear, and 
therefore it follows that:   134 
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where E’h is the secant stiffness at any depth, p’o is the initial average stress, F(e) the 
normalising function, E’h0 the surface value of E’h and m the rate of change of E’h with 
depth. 
Using the initial density of the backfill, the normalising function can be 
calculated as reported by Tatsuoka and Shibuya (1991). Where e is the void ratio, the 
normalising function, F(e), is: 
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The average stress at any depth is calculated as: 
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where σx, σy and σz are the initial components of stress as used in the work of Lehane et 
al. (1999). 
Considering the initial average stress at 80kPa overburden: 
 
( ) 4 4 2 80
3
1
' xo o kPa p σ + − =             (6.7) 
 
The database examines two values of shear strain in the database (0.01% and 0.1%) 
which, as shown in Figure 6.13, yield very similar stiffness profiles. The average rate of 
change, denoted as m, of E’h/F(e) with initial average stress, is 328, so the surface value 
of Young’s modulus, E’h0, can be calculated 
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Subsequently, this allows the secant horizontal Young’s modulus profile to be obtained: 
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Note that this is, fundamentally, a variation of secant stiffness with depth. However, 
vertical stresses were used rather than depth as these are calculated by FLAC within the 
soil model. Using depth would require invoking a separate subroutine each time the 
model is called, which would add to the computational expense. 
Tests using the model were carried out implementing the secant stiffness profile 
as determined above and the results extracted. The results are discussed in depth in 
Section 6.4.2 below, and show that the adopted secant stiffness profile resulted in lateral 
soil stress profiles closely matching those determined by centrifuge testing. 
 
6.4.2 Comparison of model predictions and experimental data 
 
Results of the model predictions were extracted and plotted with the experimental 
values by Tapper and Lehane, considering only the pressure cell locations. These are 
plotted in Figure 6.15 to Figure 6.17. 
Figure 6.15 shows both the predicted and measured peak lateral stress at each of 
the pressure cell locations for a rotational amplitude of 0.05%. Similarly to Figure 6.10, 
the predicted stresses increase a small amount with cycles at all cell locations, not a 
feature observed by Tapper and Lehane who measured no change. Factors such as 
accuracy of the pressure cells may account for why no stress increase was noted in the 
experimental case but due to the formulation of the model, any change in lateral strain 
results in an increase in hardening parameter, and subsequently an increase in the 
associated lateral stress change. 
Figure 6.16 shows the measured and experimental values of lateral soil stress for 
a rotational amplitude of 0.20%. The experimental results show a triangular profile 
clearly developing due to the increase of lateral stress being much greater at the middle 
pressure cell. At the lowest and highest pressure cell the change in lateral stress between 
the 5
th and 1000
th cycles is similar. In both cases it is noted that the rate of change of 
stress reduces with cycles, although this is more severe in the upper pressure cell.  The 
model predictions show that as the number of cycles increase the lateral stresses 
predicted by the model also increase. The model accurately predicts the triangular 
envelope which was shown to develop in the experimental case, and is also apparent 
some of the field testing carried out by CBDG (Barker & Carder, 2006). As can be   136 
noted from Figure 6.16 the actual stresses at the three cell locations compare well to 
those found in the centrifuge test. As the number of cycles increases the comparison 
improves. 
Figure 6.17 shows the measured and experimental values of lateral stress at the 
abutment for a rotational amplitude of 0.63% of which 100 cycles were considered. 
Similarly to the other cases, a triangular profile has developed, although more extreme 
than the rotational amplitude of 0.20% case, caused by a greater change in lateral stress 
measured at the middle pressure cell. The top and bottom cell locations also showed an 
increase in stress with this being much greater in the lowest cell. As in the case of the 
previous wall rotation, the model predictions again gave good predictions of lateral 
stress when compared to the experimental values.  
Predictions of the lateral stress for the three different amplitudes of wall rotation 
considered gave good results when compared to the experimentally obtained values, 
particularly when larger magnitudes of rotational amplitude were considered. 
Importantly, the predicted lateral stress levels result in a triangular stress distribution 
that was apparent in the centrifuge test. The smallest level of rotational amplitude 
showed that a small escalation in lateral stress will occur. This is due to the formulation 
of the model developed. However, the level of increase is small, in the order of a few 
kilopascals after 100 cycles.  
It is also notable that the peak lateral stresses which develop at greater retained 
depths are closer to the experimental values that those at low confining stress. This may 
be due, in part, to the fact that the relationship between change in axial and radial strain 
(or vertical and horizontal strain), which was based on an overburden stress of 80kPa, is 
constant throughout the depth. As the overburden increases toward 80kPa any error 
associated with the change in axial strain reduces. Although the lateral stress is 
primarily a function of the lateral strain, the change in axial strain still influences the 
stresses which develop. This accounts, at least in part, for the behaviour near the top of 
the abutment, but even considering this the tests show that the model provides good 
predictions for peak lateral stress acting on the abutments. 
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6.5 Further analysis of abutment system validation and soil 
behaviour 
 
The work of Tapper and Lehane (2004) was based on a centrifuge test which, for 
reasons of practicality, used only three pressure cells. Section 6.4.2 showed that the 
predicted soil stresses correlated well with experimental results at cell locations. The 
model analysis allowed more locations to be considered than in the experimental setup, 
so these were examined further to investigate the predicted behaviour of the soil. In 
addition, the behaviour of hardening parameter, secant stiffness and change in axial 
strain were considered within the context of the system to ensure they behaved as 
expected. 
 
6.5.1 Peak lateral stress during a cycle   
 
Contours of lateral stress are shown in Figure 6.18 and Figure 6.19 for the 5
th and 100
th 
cycle respectively (rotational magnitude of 0.20%). These show the stresses which 
develop throughout the soil continuum, and in particular that the maximum value of 
stress moves downward with cycles, as discussed below. It also shows that the location 
of the boundary does not interfere with the stress distribution throughout the system. 
  Figures 6.20 to 6.22 show the lateral stress profile along the back of the 
abutment for the model prediction highlighting the stress at pressure cell locations. They 
are for a rotational magnitude of 0.20%, and consider the 5
th, 100
th and 1000
th cycles 
respectively. In addition to the pressure cell locations used by Tapper and Lehane, the 
work considers intermediate lateral stress as predicted by the model. Tapper and Lehane 
had only a single cell located in the mid-height region, and while this indicates that peak 
lateral stress increases at mid-height, it is not possible to state that this is the maximum 
value acting on the abutment. The figures show that the maximum lateral stress acting 
on the back of the abutment moves toward the toe of the abutment, in this particular 
case from a maximum value at 3m above the toe at the 5th cycle to 1.5m above the toe 
at the 1000th cycle, with a decay in the rate of movement downward with cycles. 
Comparing the maximum value at the 100th cycle as found when using the Tapper and 
Lehane cell locations, 48kPa, with the maximum value when considering the whole 
abutment, 54kPa, indicates a significant difference. This is due to the centrifuge   138 
pressure cells being unable to trace the development of peak lateral stress as it moved 
downwards with cycles.  
Figure 6.23 charts the development of peak lateral stress acting on the abutment 
with cycles, for a rotational magnitude of 0.20%. As would be expected, the mid-height 
pressure cell shows the greatest change in lateral stress with cycles, leading to the 
development of the triangular profile shown in Figure 6.16. Considering Figure 6.23, it 
is noted that the total lateral stress change between the 1
st and 1000
th cycle is very 
similar, in the order of a few kilopascals, when comparing the pressure cell located at 
the highest and lowest position on the abutment. This is reflected in Figure 6.16, where 
the plot of the development of peak lateral stress with cycles shows a very similar trend 
in both positions. The key difference in these cases is the relatively rapid development 
of peak lateral stress in the case of the highest cell location, again reflected in the lateral 
soil stress profiles of Figure 6.16. The fact that in all cases the development of peak 
lateral stresses with cycles is relatively smooth, is an indication that the model works as 
designed, and is suitable for predicting lateral stress at the abutment after any number of 
cycles. 
Considering the mid-height pressure cell location, a comparison can be made 
between the development of peak lateral stress with cycles for cyclic displacements of 
different magnitudes. Figure 6.24 shows this for the rotational magnitudes of 0.20% and 
0.63%. Both cases display a rapid increase in stress over the initial cycling period, 5 and 
30 cycles for the rotational magnitudes of 0.20% and 0.63% respectively. After this, the 
rate of change reduce. As would be expected, the magnitude of change is greatest for 
the largest magnitude of rotation. 
 
6.5.2 Abutment displacement  
 
The wall deflections are shown in Figure 6.25 for the 20
th and 100
th cycle of the test 
with a rotational magnitude of 0.20%. This indicates that as the soil stiffens under 
cycles of lateral strain, causing the hardening parameter to increase, flexure of the 
abutment increases. However, global rotation of the abutment around the pinned base is 
the dominant mechanism accommodating the applied deck displacement in both cases. 
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6.5.3 Development of hardening parameter with cycles 
 
The wall rotation/flexure is indicative of the soil-structure interaction which occurs for 
these structures. This soil-structure interaction causes the hardening parameter to vary. 
Figure 6.26 shows contours of hardening parameter after 100 cycles for those elements 
in the vicinity of the abutment. Before the model abutment was subject to cycling, the 
initial value of hardening parameter was uniform throughout the soil continuum. The 
contour plot after 100 cycles (similar plots were found throughout cycling) shows that 
the hardening parameter is no longer uniform. In general terms, the blue and green 
colours which indicate a higher hardening parameter are shown to be developing near 
mid height. This is caused by the varying radial strain being applied to elements due to 
soil-structure interaction. The hardening parameter traces the development of density 
under cycles. Note that in Figure 6.26, the maximum contour is only 72%. Therefore, 
the soil is still densifying after 100 cycles.  
 
6.5.4 Behaviour of a single element at system level 
 
Consideration was also given to the behaviour of a single element at the uppermost 
pressure cell location. Figure 6.27 shows the development of the hardening parameter 
with cycles of wall displacement. This shows that as the element is subject to cycles of 
lateral strain, the hardening parameter increases as would be expected. The varying 
value of secant horizontal Young’s modulus between cycles was also evaluated. Figure 
6.28 shows the variation of this for the compressive phase of the 20
th and 100
th cycles. 
This figure indicates that, as designed, under cycles of lateral strain the stiffness 
increases. This is due to an increase in the hardening parameter. It is also notable that in 
both cases the minimum limit dictated by the model to ensure numerical stability, 
10MPa, is not met. Similarly, Figure 6.29 shows the secant stiffness during cycling for 
the extension phase of the cycle. Again, the increasing hardening parameter causes an 
increase in stiffness, however the limit dictated by FLAC to avoid a negative secant 
stiffness is activated at the higher levels of lateral strain change.  
The change in axial strain, now denoted as δ∆εyy, is shown in Figure 6.30 and 
Figure 6.31 for the compression and extension phase respectively. In both cases, the 
limits applied in FLAC are not reached. There is a change in the magnitude of axial   140 
strain between cycles, which can be attributed to the developing hardening parameter. 
This is a similar change to that discussed in Section 5.4.1, indicating that the model is 
behaving in a plausible manner. 
 
The further analysis of the test results discussed here showed that the model behaved in 
a plausible manner when considering the development of hardening parameter, secant 
stiffness and axial strain with cycles of abutment displacement. Additionally, analysis of 
the peak lateral stress profile indicates the model is suitable for predicting the lateral 
stresses acting on an abutment after any number of cycles. Comparing the stresses 
predicted with those determined experimentally by Tapper and Lehane (2004), indicates 
that stresses in excess of those measured in the centrifuge may occur. 
 
6.6 Further model testing 
 
The mathematical model was tested, as far as practicable, at element level, and Section 
6.4.2 proved that the model was suitable for predicting lateral soil stress profiles in a 
limited number of tests. However, further testing was essential to ensure that no 
unexpected behaviour occurred when different abutment heights and deck 
displacements were considered. For this reason a series of analyses were carried out to 
fully test the soil model behaviour when implemented in an abutment system. This test 
concerned a geometric range reasonable for integral bridge construction.  
The tests carried out are summarised in Table 6.3. In each case, the centrifuge 
prototype model concept, shown in Figure 6.4, was adopted. The 4m high abutment was 
tested over 1000 cycles (250 for the two longest spans as the number of steps had to be 
increased) with abutment displacements varying to model a bridge with spans between 
15m and 150m.  
The abutment was made ‘stiffer’ than during the validation test. A comparison 
with the flexural stiffness (EI) of in-service structures (reported in Barker and Carder, 
2000 & 2001) showed that of the abutment used by Tapper and Lehane (2004), 0.2e10
6  
kNm
2/m, to be significantly less stiff than would be expected in the in-service case. As 
the model would more than likely be used for concrete pile or cast in situ abutments 
with considerably greater flexural stiffness, a ‘stiff’ abutment with 10 times the value of   141 
EI used by Tapper and Lehane was adopted. Section 7.1.3 discusses values of in-service 
flexural stiffness. 
In all the tests, the initial density prior to cycling, of the retained soil was set as 
69%. BA42/96 specifies that bridge backfill must be compacted to 95% of the dry 
density of the material (Highways Agency, 2000a) which corresponds to 69% relative 
density, as shown in Appendix C. The initial value of relative density was not varied 
due to this constraint. 
Figure 6.32 and Figure 6.33 show the peak lateral stresses acting on the 
abutment for varying bridge lengths after 20 and 100 cycles of bridge displacement. As 
would be expected, larger displacements associated with larger deck lengths result in 
higher stresses over the height of the structure. Comparing the 20
th and 100
th cycles, it is 
noted that the change in peak lateral stress is much greater when considering the largest 
rotational magnitudes. Both of these factors indicate that the model works suitably for 
the range of bridge spans considered. 
In addition, abutments 3m, 6m and 8m high were tested for a deck length of 
60m. The limits for retained height were set as 3m and 8m as below this the abutment 
would be a considered shallow, and they are unlikely to be regularly constructed above 
a retained height of 8m. In each case the same ‘stiff’ abutment used for varying bridge 
deck length was adopted. Figure 6.34 and Figure 6.35 show the peak lateral stress acting 
on the abutment after the 20
th and 100
th cycles.  In all cases, the triangular stress 
envelope becomes more distinct with cycles, with the mid-height magnitude greater for 
taller abutments. Considering the 20
th cycle, Figure 6.34, it is apparent that in all cases 
the stresses increase above the at rest values, with particular development around mid-
height as was the case in the initial testing discussed in Section 6.4.2. After 100 cycles 
the peak lateral stress has developed significantly in all cases.  
Figure 6.34 shows that after 20 cycles, when the hardening parameter is similar 
for all cases, near the deck/abutment connection the peak lateral stresses move toward, 
but do not reach, convergence. At this level, the secant stiffness is very similar but the 
soil behind the shorter abutment is subject to larger lateral strains than for the taller 
abutments, causing the top of abutment peak lateral stresses to be slightly greater for the 
smaller abutments. The hardening parameter develops due to cycles of lateral strain, 
with higher magnitudes of lateral strain causing greater change in the value of hardening 
parameter. After 100
th cycle when the hardening parameter has developed, Figure 6.35 
shows that peak lateral stresses at the surface have a larger variation than after 20   142 
cycles. Due to the lateral strains being higher at the surface for the smaller abutments, 
the change in peak lateral stress at this level is greater for those structures. 
The modelling shows that abutment height can have a significant influence on 
the peak lateral stress which develops due to integral bridge loading. Considering the 
influence of lateral strain and secant stiffness indicates that the model behaves in a 
plausible manner. 
 
The set of 9 tests were carried out and the model behaved in a plausible manner. The 
tests revealed that no unexpected behaviour was noted for the model behaviour under 
the tests prescribed, in particular the model behaved as expected when increased deck 
lengths and retained heights were considered. This proved that the model behaved as 
designed over a practical geometric range for an integral bridge. This indicated that the 
model was suitable for use in the required parametric study, as discussed in Chapter 7. 
 
Table 6.3 Model testing procedure 
 
Test  Description  Cycles 
T60a  Verification model using 120 year design life – 4m ‘stiff’ abutment and 60m 
bridge with ∆=8mm  (d=16mm) 
120 
T60b  Repeat to ensure developed trends hold for all cycles to 1000 - 4m ‘stiff’ abutment 
and 60m bridge with ∆=8mm  (d=16mm) 
1000 
T15  Repeat to ensure developed trends hold for all cycles to 1000 – 4m ‘stiff’ 
abutment and 15m bridge with ∆=2mm  (d=4mm) 
1000 
T40  Repeat to ensure developed trends hold for all cycles to 1000 – 4m ‘stiff’ 
abutment and 40m bridge with ∆=5mm  (d=10mm) 
1000 
T100  Repeat to ensure developed trends hold for all cycles to 1000 - 4m ‘stiff’ abutment 
and 100m bridge with ∆=13mm  (d=26mm) 
250 
T150  Repeat to ensure developed trends hold for all cycles to 1000 - 4m ‘stiff’ abutment 
and 150m bridge with ∆=20mm  (d=40mm) 
250 
T60-3  Repeat test T60b with 3m ‘stiff’ abutment  1000 
T60-6  Repeat test T60b with 6m ‘stiff’ abutment  1000 
T60-8  Repeat test T60b with 8m ‘stiff’ abutment   1000 
Note: ∆ is the top of abutment movement between the mean position and maximum displacement and d is the total 
abutment displacement (d=2∆). 
 
6.7 Summary 
 
The spreadsheet and FLAC validation relied upon a series of single element tests, on 
which the model was based. In this chapter, the validation procedure was extended to 
investigate centrifuge tests of an abutment/soil system carried out by independent 
researchers. This proved that, in general, the model worked well. This was particularly 
the case when wall rotational amplitudes that were not small were considered. The   143 
values of lateral stress predicted compared well to those measured, including the 
development of a triangular stress distribution.  
The good comparison with the experimental values allowed further investigation 
of the predicted model behaviour to be carried out. This indicated that the lateral stress 
at the mid-height pressure cell location was not a maximum, and that the actual 
maximum value moved downward under cycles of abutment displacement, a feature 
which would not be observed in the experimental test. The development of hardening 
parameter and density with cycles was also reviewed to evaluate whether the model was 
behaving as expected and this was found to be the case. With the hardening parameter 
shown to be working, the behaviour of secant stiffness and change in axial strain were 
examined at element level. Again, these were shown to behave in a plausible manner. 
While the review showed that the model behaved as expected, it was important 
that the model was fully tested to ensure no mathematical anomalies were present. This 
was done by testing a range of integral bridge deck displacements and abutment heights 
applicable to the integral bridge problem. The results showed that the soil model 
continued to work in a suitable manner. 
These tests show that the model behaves in a credible manner. Importantly, 
validation which is totally independent of the experimental setup on which the soil 
model was based indicates that the model developed works well. This allows further 
numerical modelling to be carried out.   144 
 
Figure 6.1 Definition of input wall displacement 
 
 
 
 
Figure 6.2 – Mohr-Coulomb and Lade failure surfaces in the deviatoric plane   145 
 
 
 
Figure 6.3 – Comparison of triaxial and plane strain angle of shearing resistance for 
different angles of dilation (Georgiadis et al., 2004) 
 
 
 
 
 
Figure 6.4 Schematic of centrifuge prototype implemented in FLAC 
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Figure 6.5 Initial element grid used in FLAC and subsequent modelling stages showing 
wall installation 
 
 
 
Figure 6.6 Refined element grid used in FLAC for all centrifuge testing   147 
 
 
Figure 6.7 Contour plot of initial user defined lateral stress based on the ‘at rest’ 
coefficient 
 
 
 
Figure 6.8 Plot of history of maximum unbalanced force showing model reaching 
equilibrium 
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Figure 6.9 Contour plot of equilibrium lateral stress after wall installation (prior to 
cycling) 
 
 
 
 
 
Figure 6.10 Comparison of peak lateral stress at discrete abutment locations for the 5
th, 
10
th and 100
th cycle showing FLAC prediction with Tapper and Lehane measurement 
for rotational magnitude of 0.05% – Constant secant stiffness with depth 
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Figure 6.11 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
100
th and 1000
th cycle showing FLAC prediction with Tapper and Lehane measurement 
for rotational magnitude of 0.20% – Constant secant stiffness with depth 
 
 
 
Figure 6.12 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
and 100
th cycle showing FLAC prediction with Tapper and Lehane measurement for 
rotational magnitude of 0.63% – Constant secant stiffness with depth   150 
 
Figure 6.13 Variation of E’h/F(e) with average stress p’ for granular materials from the 
database of Lehane et al. (1999) 
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a) Variation of secant stiffness with change in radial strain 
 
 
b) Variation of secant stiffness with change in average stress (m stays constant) 
 
Figure 6.14 Schematic of variation of secant horizontal Young’s modulus with depth   152 
 
 
Figure 6.15 Comparison of peak lateral stress at discrete abutment locations for the 5
th, 
10
th and 100
th cycle showing FLAC prediction with Tapper and Lehane measurement 
for rotational magnitude of 0.05% – Varying secant stiffness with depth 
 
 
Figure 6.16 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
100
th and 1000
th cycle showing FLAC prediction with Tapper and Lehane measurement 
for rotational magnitude of 0.20% – Varying secant stiffness with depth 
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Figure 6.17 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
and 100
th cycle showing FLAC prediction with Tapper and Lehane measurement for 
rotational magnitude of 0.63% – Varying secant stiffness with depth 
 
 
 
Figure 6.18 Contour plot of lateral stress for maximum abutment displacement during 
the passive phase of the 5
th cycle for a rotational magnitude of 0.20% 
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Figure 6.19 Contour plot of lateral stress for maximum abutment displacement during 
the passive phase of the 100
th cycle for a rotational magnitude of 0.20% 
 
 
Figure 6.20 Predicted peak lateral stress for 5
th cycle of a rotational magnitude of 0.20% 
with modelled values at experimental pressure cell locations highlighted 
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Figure 6.21 Predicted peak lateral stress for 100
th cycle of a rotational magnitude of 
0.20% with modelled values at experimental pressure cell locations highlighted 
 
 
Figure 6.22 Predicted peak lateral stress for 1000
th cycle of a rotational magnitude of 
0.20% with modelled values at experimental pressure cell locations highlighted 
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Figure 6.23 Development of peak lateral stress acting on the abutment with cycles for 
cell locations and rotational magnitude of 0.20% 
 
 
Figure 6.24 Comparison of the development of peak lateral stress acting on the 
abutment with cycles for mid-height cell location under cycles of 0.20% and 0.63% 
rotational magnitude   157 
 
 
 
Figure 6.25 Comparison of wall displacement for the 20
th and 100
th cycles during 
maximum bridge deck expansion 
 
 
Figure 6.26 Contour plot showing variation of hardening parameter throughout retained 
soil after 100 cycles  
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Figure 6.27 Plot of development of hardening parameter with cycles for an element at 
the uppermost cell location in a modelled abutment system 
 
 
 
 
Figure 6.28 Plot of development of compressive secant stiffness with cycles for an 
element at the uppermost cell location in a modelled abutment system   159 
 
 
 
 
Figure 6.29 Plot of development of extensive secant stiffness with cycles for an element 
at the uppermost cell location in a modelled abutment system 
 
 
 
Figure 6.30 Plot of development of compressive change in axial strain with cycles for 
an element at the uppermost cell location in a modelled abutment system   160 
 
 
 
Figure 6.31 Plot of development of extensive change in axial strain with cycles for an 
element at the uppermost cell location in a modelled abutment system 
 
 
Figure 6.32 Peak lateral stress acting on a 4m high abutment after 20 cycles of 
displacement for varying bridge lengths 
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Figure 6.33 Peak lateral stress acting on a 4m high abutment after 100 cycles of 
displacement for varying bridge lengths 
 
 
 
Figure 6.34 Peak lateral stress acting on abutment after 20 cycles of 60m bridge 
displacement for varying retained heights   162 
 
 
Figure 6.35 Peak lateral stress acting on abutment after 100 cycles of 60m bridge 
displacement for varying retained heights   163 
 
Chapter 7 Parametric study and modelling of a 
practical bridge abutment/soil system 
 
The model development discussed in Chapters 5 and 6 proved that the model was 
suitable for predicting the lateral soil stresses acting on an integral bridge abutment. To 
improve upon the design process, it is important to understand how varying properties 
of the system, such as abutment stiffness, can influence the bridge behaviour. One 
criticism of the current guidance, BA42/96 (Highways Agency, 2000a), is that there is 
no suitable allowance for soil-structure interaction. This highlighted the need for a 
parametric study in which abutment stiffness, profile of secant stiffness with depth and 
wall friction coefficient were studied.   
The research discussed here has been carried out within industry and should be 
considered within this context. While the centrifuge model was suitable for the 
validation and testing, such a simplified system does not represent a practical bridge 
design. For this reason, a spread base abutment with a 4m retained height was modelled. 
A comparison was made between the behaviour of the spread base abutment and the 
equivalent centrifuge model. 
Lateral soil stress profiles in the current guidance, BA42/96, are calculated 
based on a displacement for a 120-year return period. A large proportion of researchers 
and practising engineers consider the stress profiles generated using the guidance to be 
over conservative, so the spread base abutment system was used to compare the 
predicted stresses with those prescribed by BA42/96. Additionally, the impact of daily 
cycles on the stress which develops were investigated and compared to the yearly 
equivalent.  
 
7.1 Soil-structure interaction parametric study 
 
 A common criticism of the design note BA42/96 (Highways Agency, 2000a) is that it 
does not allow a true representation of soil-structure interaction occurring with such a 
system. The model was used to investigate the effect on soil stresses generated when 
considering three major components of the interaction; the abutment stiffness, soil   164 
stiffness and the wall friction coefficient. Additionally, the results of the parameter tests 
were used to consider the impact of these loads on design. 
 To ensure that no unexpected behaviour occurred due to a change in the 
modelling regime, and that any change in response was due only to the variable being 
altered, the prototype model in FLAC was used during the study along with the ‘stiff’ 
abutment used in the further testing, shown in Figure 6.2. Chapter 6, through validation 
and testing, had proven the model to be suitable for such a type of test, and that no 
unexpected behaviour would occur due to mathematical anomalies. Along the height of 
the abutment seven lateral stress cell locations were considered to ensure that trends 
could be identified within a workable data set and that the ‘peak’ noted was not ignored. 
As the passive phase is of most interest in integral bridge design, the maximum values 
of lateral stress during a cycle were considered. 
 
7.1.1 Wall friction coefficient 
 
The work of Caquot and Kerisel (1948) indicates that wall friction is an important 
parameter to consider, and a major component of the modelled interface between soil 
and structure. BA42/96 (Highways Agency, 2000a) recommends a value of φ’des/2 be 
adopted for the value of wall friction coefficient, where φ’des is the design friction angle 
of the soil, whereas Clayton et al. (1993) recommend 2φ’/3 be adopted in retaining wall 
analysis (φ’ is the effective friction angle). Validation was carried out using a wall 
friction coefficient of φ’/2 for the interface which, with consideration to the results, was 
shown to work well. However, the conflicting opinions on the particular value of wall 
friction which should be adopted in analysis mean that a parametric study was required 
to allow quantification of uncertainty. A set of analyses was adopted (Table 7.1) which 
allowed a comparison of results when friction coefficients of φ’/3, φ’/2 and 2φ’/3 were 
used. In all cases the ‘stiff’ abutment was used with the soil stiffness profile used in 
validation. 
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Table 7.1 Test series to investigate influence of wall friction coefficient on peak 
lateral stress 
 
Test  Description  Cycles 
T60b  4m high ‘stiff’ abutment with 60m deck displacement and wall friction value = 0.5 φ   1000 
F03  4m high ‘stiff’ abutment with 60m deck displacement and wall friction value = 
0.333 φ 
1000 
F06  4m high ‘stiff’ abutment with 60m deck displacement and wall friction value = 
0.667 φ 
1000 
 
Figure 7.1 and Figure 7.2 show the peak lateral stress acting on the abutment after 20 
and 100 cycles for the values of wall friction coefficient studied. The results of the 
analysis show that wall friction has a significant effect on the soil stresses generated by 
cyclic displacement of the abutment. Considering the passive phase, it was noted that 
larger values of wall friction led to higher soil stresses acting on the abutment. In 
particular, when comparing the 20
th and 100
th cycle, the variation due to the change in 
wall friction coefficient is more significant when considering the larger numbers of 
cycles. This is in agreement with the work of Caquot and Kerisel. 
Further consideration of the results shows that the proportional change in stress 
is similar at all monitoring points. This indicates that the wall friction coefficient is 
acting in the same manner throughout the depth of the abutment, as would be expected. 
Where the maximum lateral soil stress occurs, the variation can be significant in 
absolute terms, due to the magnitudes measured in this area. It is apparent that the wall 
friction coefficient of φ’/2 used in the validation could be too small, accounting at least 
partly for the discrepancy between the physical and predicted results. 
 
7.1.2 Secant horizontal Young’s modulus variation with depth 
 
Section 6.3 and Section 6.4 have illustrated the importance of the correct variation of 
secant horizontal Young’s modulus with depth. When the stiffness was constant the 
results were poor, but conversely when account was taken of the variation the results 
improved considerably. The improved results were based on a published paper by 
Lehane et al. (1999) which allowed a correlation to be made between average stress and 
stiffness. By adopting a ratio between the average stress (throughout the soil mass) and 
the stiffness as derived by Xu (2005), a suitable secant stiffness profile could be 
adopted.   166 
The results of the validation indicate that the adopted method works, but the 
impact of holding the profile constant throughout cycles must be assessed. The linear 
curves fitted to stiffness against average stress were similar for shear strains of 0.01% 
and 0.1%, as shown in Figure 6.11. However, no research has been undertaken to 
account for what could happen if the variation in stiffness with depth is outwith this 
range and due to cycling. With this in mind a study has been carried out to investigate 
the effects of varying the secant stiffness profile with depth.  
With reference to Figure 6.12, the variation of horizontal secant Young’s 
modulus with average stress can be altered either by varying the gradient, denoted as m, 
or the surface value which is denoted as E’h0. A soil with a higher initial secant stiffness 
at the surface, E’h4, would be stiffer soil. An example would be a soil which has 
undergone a number of cycles of radial strain change; for a soil that has been cycled in 
the model, E’h0, would increase automatically. Therefore, only the rate of change of 
secant stiffness with average stress (m) needs to be considered in the parametric study. 
With this in mind, the test series detailed in Table 7.2 was implemented. The 
gradient m used in the validation process, which was proven to be suitable, was adopted 
as a base value (m =328) and the gradients varied respective to that. The variations are 
shown in Figure 7.3. They are multiples of 4, 8, 1/4 and 1/8 from the base value to 
ensure that the changes were measurable. Using these gradients, the profile was varied 
between the surface and a value as determined by Xu, denoted as E’h4. This was a fixed 
value relating to an average stress at 80kPa overburden. In all cases the ‘stiff’ abutment 
was used with a wall friction coefficient of φ’/2. 
 
Table 7.2 Test series to investigate influence of varying secant stiffness with depth 
on peak lateral stress 
 
Test  Description  Cycles 
E1  4m high ‘stiff’ abutment with 60m deck displacement  with secant stiffness 
variation as determined using Lehane et al. – m = 328 (base value) 
1000 
E4  4m high ‘stiff’ abutment with 60m deck displacement  with secant stiffness 
variation of 4*Lehane et al. – m = 1312 
1000 
E8  4m high ‘stiff’ abutment with 60m deck displacement  with secant stiffness 
variation of 8*Lehane et al. – m = 2624 
1000 
E025  4m high ‘stiff’ abutment with 60m deck displacement  with secant stiffness 
variation of 0.25*Lehane et al. – m = 82 
1000 
E0125  4m high ‘stiff’ abutment with 60m deck displacement  with secant stiffness 
variation of 0.125*Lehane et al. – m = 41 
1000 
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Figures 7.4 and 7.5 show the maximum abutment stresses acting after 20 and 100 
cycles. Comparing the figures shows that the effect of varying secant stiffness becomes 
more distinct with cycles. Both Figures 7.4 and 7.5 show that the effect of increasing 
the gradient is apparently less than reducing it. Notable is the fact that the closer to 
80kPa overburden the effect of changing the profile is minimal, due to a converging 
value of secant stiffness. Further up the abutment, the effect is much more apparent. No 
convergence is noted at the top cell which confirms that the surface value of secant 
stiffness is varying considerably. Considering this in a modelling context, it indicates 
that the minimum value of secant stiffness, limited to 10MPa to ensure the shear and 
bulk modulus are always positive, is not being reached in the compression phase. A 
large variation is found for lateral soil stresses between Tests E8 and E0125 due to the 
change in secant stiffness profile. 
When considering the initial secant stiffness profile, Section 6.4 noted that the 
profile of secant stiffness with average stress had a similar profile at shear strains of 
0.01% and 0.1%. However, it was stated that outwith this range and under cycles, it was 
uncertain if the profile remains the same. Considering Figures 7.4 and 7.5, the variation 
in peak lateral soil stresses is not significant until a factor of 8 or 1/8 is considered. 
From this it can be assumed, that while in reality the secant stiffness profile may vary 
when outwith a shear strain of 0.01% to 0.1%, it is not likely to be large enough to 
influence lateral soil stress significantly. Similarly, while the profile may vary with an 
increasing number of cycles, unless it was significant (a factor of 8 from the modelling 
profile) it would have a minimal influence on the stresses acting at the abutment.  
 
7.1.3 Abutment stiffness variation 
 
The integral bridge system is a true soil-structure interaction problem. The CIRIA 
guidance on sheet piled coffer dams (Williams & Waite, 1993) acknowledges that 
adoption of flexible piles will lead to a reduction in lateral stress. The flexural stiffness 
of the reinforced concrete abutment is dependant on the geometric and material 
properties, and it was important that the effect of changing abutment stiffness was 
investigated.   168 
In reality, there is only a finite range of stiffnesses an abutment can possess due to 
construction issues. With this in mind three pile diameters were compared to the ‘stiff’ 
abutment: 
 
•   ‘Stiff’ abutment  -  EI = 2.10e10
6 kNm
2/m 
•  φ = 1500mm pile  -  EI = 1.90e10
6 kNm
2/m 
•  φ = 1200mm pile   -  EI = 1.60e10
6 kNm
2/m 
•  φ = 900mm pile   -  EI = 0.44e10
6 kNm
2/m 
 
Again, using the centrifuge prototype model the analysis was run, as detailed in Table 
7.3, and the results compared. The secant stiffness profile and wall friction were the 
same as in the validation procedure. 
 
Table 7.3 Test series to investigate influence of abutment stiffness on peak lateral 
stress 
Test  Description  Cycles 
T60b  ‘Stiff’ abutment: EI = 2.1e10
6 kNm
2/m   1000 
WS1  4m high abutment and 60m deck displacement with 
1500mm Dia. Pile: EI = 1.9e10
6 kNm
2/m 
1000 
WS2  4m high abutment and 60m deck displacement with 
1200mm Dia. Pile: EI = 1.6e10
6 kNm
2/m 
1000 
WS3  4m high abutment and 60m deck displacement with 
900mm Dia. Pile: EI = 0.44e10
6 kNm
2/m 
1000 
 
Figure 7.6 and 7.7 show the maximum lateral soil stresses which develop after 20 and 
100 cycles of abutment displacement for varying abutment stiffness. It is noted that all 
soil stresses converge at the abutment/deck connection regardless of stiffness. This can 
be attributed to the deck displacement being applied as the same for all cases, using the 
work of Biddle et al. (1997) as justification for this as being the case. At the base of the 
abutment a similar trend can be observed as the displacement reduces to zero for all 
cases.  
Between the extremities, it is notable that the more flexible piles cause smaller 
stresses to be generated along the height of the abutment. With reference to the most 
flexible pile, at mid-height where the pile is least constrained, the stress reduction is 
around 10% at mid-height. 
Figures 7.8 and 7.9 show displacements at locations along the abutments height 
for the 20
th and 100
th cycle. These show that for the three stiffest cases, deflection   169 
relative to the ‘stiff’ abutment is concentrated within the mid-height region, and 
becomes greater as the soil hardens under cycles. With the most flexible case in 
particular, it is notable that at the monitoring point immediately below mid-height, 
deflection was more than in the stiffer cases, likely due to the relative stiffness of the 
abutment and soil at this location. This deflection is postulated to cause the reduced 
lateral soil stress at this location, indicating that flexure of the abutment acts to relieve 
the high stresses which develop. It is also noted that regardless of the abutment 
stiffness, global rotation around the pinned base is still the dominant mechanism 
accommodating wall displacement, although flexure becomes more important with 
cycles. 
 
The results of the parametric study indicate that wall friction can cause a significant 
impact on the peak lateral soil stresses which develop for an abutment under cyclic 
displacement. Further consideration signifies that the wall friction coefficient of φ’/2 
used in the validation could be too small. This would account for the discrepancy 
between the physical and predicted results and is discussed further in Section 7.2. 
The profile adopted in modelling for secant stiffness with depth appears to be 
suitable. Further investigation indicates that the secant stiffness profile adopted can 
have a significant influence on the soil stresses which act at the abutment, but only 
when large variations from the adopted profile are considered. However, it is important 
to verify that the secant stiffness profile adopted in the modelling process is reflective of 
the field case.  
The study also shows that the use of flexible piles results in reduced lateral soil 
stresses at the abutment. However, it is not simply a case of using the most flexible pile 
and the analysis here has only considered lateral loads and associated deflections, not 
the vertical loads which must also be carried by the piles. Further to this, Place et al. 
(2005) indicate that crack widths were the governing feature in design. While the 
analysis indicates that there are advantages to using flexible abutments, the vertical 
loading and construction practicality cannot be ignored. 
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7.2 Evaluation of differing experimental and model results 
 
The model validation discussed in Section 6.4.2 indicated that although the model 
provided good estimates of lateral stresses, they were slightly underestimated for 
rotational magnitudes of 0.20% and 0.63%. There are several possible reasons for this; 
for example: 
 
•  Inherent modelling error due to variation in the properties of the backfill type 
and two different systems being modelled 
•  A mismatch between the triaxial and plane strain cases due to the model 
formulation 
•  Interface effects 
 
7.2.1 Inherent modelling error 
 
The parameters used in modelling were those reported by Xu (2005) and Tapper and 
Lehane (2004). However, differences in the material types, although both sand, the 
allowance made for stiffness variation with depth and the variation in vertical strain are 
all likely to have impacted upon the results achieved. The magnitudes of these errors are 
unknown, and cumulatively may be significant. 
  In addition to this, as discussed in Section 3.4.3, the mobilised friction angle 
varies as the material undergoes cycles of lateral strain. This is not accounted for in the 
model.  
 
7.2.2 Triaxial and plane strain behaviour  
 
The soil model was derived from triaxial tests which considered a single element behind 
an integral abutment. This is an element subject to a particular stress path, as modelled 
by Xu (2005), and represents only a single part of the system. This basis is proposed to 
be valid due to the fact that the area of interest in the modelled system is restricted to the 
lateral soil stress which develops immediately behind the abutment. However, this is not 
necessarily representative of the remainder of the retained material mass which is   171 
modelled in the plane strain case. The model makes no allowance for stress path 
variations. 
Section 6.2.1 discussed the variation in friction angle when considering the 
plane strain and triaxial cases. The value used in modelling was the triaxial value based 
on that reported by Xu, but this has been shown to be close to that of the plane strain 
data reported by Tapper and Lehane (2004).  
 
7.2.3 Interface effects 
 
The parametric study in Section 7.1 showed that the effects of wall friction can have a 
significant effect on the peak lateral stress acting on an abutment. Considering these 
results with the model validation it is possible that an underestimate of the wall friction 
coefficient may partly account for the variation.  
To investigate this, the verification tests were repeated using the ‘flexible’ 
abutment. However, a wall friction coefficient magnitude of 3φ’/5 was adopted, an 
increase on the value recommended by BA42/96 (Highways Agency, 2000a). Figure 
7.10 to Figure 7.12 show the resulting peak lateral stresses which develop for rotational 
magnitudes of 0.05%, 0.20% and 0.63% respectively. In all cases the stresses continue 
to develop, unlike in the experimental case, and the result of changing the wall friction 
coefficient is to slightly raise peak lateral stress at all cell locations. As would be 
expected from the parametric study, this has the effect of raising peak lateral soil stress, 
but to a level closer to agreement with the experimental values.  
 
Consideration of the results achieved during validation indicated that while in good 
agreement with the experimental results, they were slightly underestimated for the 
higher rotational magnitudes. The only parameter which can be varied in the model, due 
to its formulation, is the wall friction coefficient. Investigation of this showed that a 
magnitude of 3φ’/5 suited results better than the φ’/2 used in the validation. However, it 
is recognised that the variation is likely due to a combination of factors discussed in 
Section 7.2.1 to 7.2.3 which cannot be explored further due to the model formulation. 
While noting the improvement in results that increasing the wall friction 
coefficient makes, subsequent tests were carried out using a magnitude of φ’/2. This   172 
was in accordance with the current guidance and to ensure continuity with the 
parametric study discussed in Section 7.1. 
 
7.3 Soil – structure interaction in a design context 
 
The three parameters studied show that the integral bridge problem is a true soil-
structure interaction problem. Varying wall friction can have a significant effect on the 
soil stress which develops with cyclic loading. This is also the case when considering 
the abutment stiffness, but there are practical considerations which are likely to limit the 
effect. Whilst varying the secant stiffness profile can also influence the resultant 
stresses, it was noted that only a significant change in gradient will change the lateral 
soil stresses generated. 
A major criticism of BA42/96 (Highways Agency, 2000a) is that there is not a 
true allowance for soil structure interaction. Considering the combined effect of the 
parameters studied, there is an indication that the BA42/96 lateral stress profile 
approach is valid, if difficult to implement. While abutment stiffness and secant 
stiffness profile may cause theoretical variations in the soil stress profile, practical 
issues associated with construction means it is unlikely these would be significant. 
However, the model does allow the true soil-structure interaction to be considered, 
unlike the guidance. 
Similarly, it has been shown that wall friction coefficient accounts for a 
significant component of the lateral soil stress acting on the abutment. While a value of 
approximately 3φ’/5 is suitable for the centrifuge test, testing would need to be carried 
out to determine the actual in-service value of wall friction coefficient. Such testing 
should also include consideration of a bituminous layer as suggested by Clayton et al. 
(1993) and Springman et al. (1996) as this could have a significant beneficial effect on 
stresses which develop. 
The parametric study has shown that although the abutment stiffness and secant 
stiffness profile can have an effect on lateral stress acting on the abutment, there are 
practical issues which can stop these from being significant. Conversely, the wall 
friction coefficient can be significant in the development of lateral soil stress and 
requires further experimental consideration.  
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7.4 Spread base abutment model 
 
The numerical model of the centrifuge system by Tapper and Lehane (2004) had been 
used to carry out the validation, testing and parametric study. While this idealised 
arrangement was suitable for these purposes, it is important to consider an actual 
practical spread base abutment bridge, and for that reason such a system was modelled. 
This was used to investigate the differing behaviour between the centrifuge and spread 
base abutment systems. 
The bridge was modelled, as shown in Figure 7.13, as a 4m high abutment 
supporting a deck, with full moment connections modelled to represent the rigid joints 
between deck/abutment and abutment/base. The abutment and base were modelled 
using the flexural stiffness properties of a 1200mm diameter pile, and the deck as a 
0.5m long stub with a very high flexural stiffness. The soil had an initial relative density 
of 70%. 
Deck displacements were applied at the ‘free end’ of the deck, 0.5m from the 
deck/abutment connection, which ensured that the displacements were applied similarly 
to the in-service case where all deck displacement is carried to the abutment with no 
deck deflection or connection rotation. During cycling, the displacement was monitored 
at the connection to ensure this was the case. Deck spans of 15m, 40m, 60m and 100m 
were considered. Interfaces were modelled wherever there was soil-structure 
interaction, with the same properties (shear and normal stiffnesses, and wall friction) as 
the interface in the centrifuge test.  
Figure 7.14 is the FLAC model following excavation and structure installation, and 
prior to cycling beginning. The model phases were as follows: 
 
1.  Bring soil continuum to equilibrium 
2.  Excavate and install wall / deck stub  
3.  Bring wall and soil continuum to equilibrium in new condition 
4.  Apply cycles of deck displacement 
 
Whereas the boundaries in the previous abutment system models were defined by the 
physical boundaries of the centrifuge prototype, the boundaries in this case were located 
suitably far away that they would not influence the resulting stresses in the area of   174 
interest. This resulted in a large grid of elements, with a run time for 120 cycles in 
excess of 15 hours. 
At the 3
rd stage of excavation and structure installation, the abutment was 
restrained at deck level, ensuring the presence of the deck in situ was accounted for. 
During this phase, there was a small amount of curvature of the wall at mid height as 
shown in Figure 7.15. The toe of the abutment only translated a very small amount, less 
than the magnitudes noted by Springman et al. (1996), indicating that the interface 
properties on the abutment footing may not represent those found for the in-service 
case. However, although the translation will tend to reduce the lateral stress acting at the 
abutment, the movement is irreversible and with time the lateral stress will increase in 
the same manner. It is possible that the bridge may experience its lowest effective 
bridge temperature early in its design life, therefore eliminating any translation after this 
point. This is the basis of the design guidance, and the interface used was deemed 
suitable for the purposes of investigating the stresses occurring in comparison to the 
design guidance, but highlights the need for more research in this area. Figure 7.16 is a 
contour plot of the initial equilibrium stresses within the soil mass prior to cycling.  
Cycling was carried out for 120 cycles of the 15m, 40m, 60m and 100m span 
displacements and the results are considered here. Additionally, a centrifuge equivalent, 
with the same abutment flexural stiffness and soil properties was modelled for each 
case. This allowed a comparison to be made between the centrifuge and spread base 
abutment behaviours. 
 
7.4.1 Movement of the abutment during cyclic loading 
 
It is important to consider the movement of a spread base abutment. The new Non-
Contradictory Complementary Information (NCCI) guidance in PD6694-1:2009 (2008) 
states that the primary modes of accommodating deck displacement are flexure and 
rotation in the case of a full height abutment. In the centrifuge tests the abutment was 
pinned at the base, therefore only global rotation and flexure was possible. 
To consider the movement of the abutment base, displacement was monitored 
along the abutment. Here the 60m deck span is investigated, but similar trends were 
noted in all cases.   175 
  At the toe of the spread footing, displacement in the horizontal plane 
(translation) was considered. Figure 7.17 shows a plot of horizontal movement during 
stepping for the 60m deck span, from the equilibrium position, denoted as zero. 
Horizontal translation into the retained soil, during deck extension, and away from the 
soil mass, during contraction, are shown as positive and negative respectively. 
Considering the magnitude of movement, it is clear that the movement at this location 
was very small in comparison to the applied displacement at deck level, but that it did 
occur. Comparing the relative displacements into and away from the soil during deck 
expansion and contraction, shows that the magnitudes are similar, indicating that the 
interfaces modelled on the top and bottom of the spread footing are restraining 
movement. 
Figure 7.18 shows the development of lateral displacements at locations up the 
abutment with cycles. This shows that as cycles of displacement are applied, the flexure 
of the wall during the passive phase increases with cycles, as noted in the centrifuge 
case and discussed further in Section 7.4.3. However, it also shows that regardless of 
cycles, global rotation is the dominant feature. This is in agreement with the draft NCCI 
guidance. 
 
7.4.2 Lateral stress acting on a spread base abutment 
 
The development of peak lateral stress on the abutment with cycles were considered for 
the spread base model. Figure 7.19 shows the development of peak lateral soil stress 
with cycles for the 20
th and 100
th cycle for a 60m bridge span. This shows that the 
triangular profile becomes more distinct with cycles, and that an overall stress increase 
occurs. This is similar to the trend noted in the centrifuge model. A comparison between 
the centrifuge and spread base abutment behaviour is discussed in Section 7.4.3. 
 
7.4.3 Comparison of spread base and centrifuge models 
 
As discussed in Section 7.4.1, global rotation remains the dominant mechanism for 
accommodating bridge deck displacement in the spread base abutment case. This is 
similar to the centrifuge behaviour, allowing a comparison to be made between the two 
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Considering first the displacement of the abutment, Figure 7.20 shows the 
displacements for both the centrifuge and spread base abutment cases, during maximum 
deck expansion of the 100
th cycle. The two plots closely follow each other, indicating 
that in both cases, an abutment of 4m in height primarily accommodates movement at 
deck level by rotation and, as discussed, flexure becomes more important with cycles. It 
is also notable that there is a small increase in displacement toward the top and bottom 
of the abutment in the spread base case. At the bottom this is due to the effects of 
translation, and near the top is caused by the restraint of the deck/abutment connection. 
Section 7.1.3 showed that flexure of the abutment resulted in lower lateral 
stresses. Figure 7.21 gives a comparison between the lateral stress occurring with the 
centrifuge and spread base abutment models after 100 cycles. This shows that very 
slightly higher stresses were noted at the lower part of the spread base abutment, due to 
the translation movement, and at below deck level, caused by the fixed connection. 
However, these differences are minor and do not significantly influence the peak lateral 
stress or displacements which develop. This, in conjunction with consideration of the 
movement mechanism discussed in Section 7.4.1, indicates that the parametric study 
discussed in Section 7.1 is equally valid for both the centrifuge and spread base 
abutment models. 
 
The analysis here has shown that when comparing the results of the centrifuge and 
spread base abutment test, the resulting peak lateral stress and wall displacements are 
very similar in both cases. Although some translation does occur it is minor and the 
significant component remains a combination of rotation and flexure of the abutment 
with the latter becoming more important with cycles. At the deck/abutment connection 
the rigid connection results in a slightly increased lateral soil stress due to the constraint 
of the abutment provided by the fixed connection. 
 
7.5 Comparison between model predictions and current 
design guidance 
 
Current design guidance is based on centrifuge and small scale tests where displacement 
cycles of constant magnitude have been applied to the top of an abutment. It is not 
possible to know the exact thermal loading condition to which a bridge will be   177 
subjected to within its design life, and therefore the magnitude of displacement is based 
on annual cycles with a 120-year return period. This is considered the most onerous 
loading condition, although it does not include an allowance for the effect of daily 
cycles in temperature change. This has long been a subject of contention amongst 
researchers and practising engineers, who debate the appropriateness of constant cycles 
of 120-year return period displacements. For this reason the model was used to 
investigate both cycles of constant displacement, representing annual cycles, and the 
application of daily cyclic displacements which vary throughout the year. 
 
7.5.1 Cycles of yearly deck displacement 
 
The current guidance, BA42/96 (Highways Agency, 2000a), is derived from research 
which used cycles representing displacement for a 120-year return period. This assumes 
that cycles of a daily magnitude have no effect on the stresses which develop. To draw 
comparison between the design guidance and the model predictions, a lateral soil stress 
envelope approach was adopted. The maximum limit of the envelope was based on 120 
annual cycles of 120-year return period displacement. A 1-year return period 
displacement was used as a basis for the lower limit of the envelope for peak lateral 
stress which develops after 120 years. This would allow the limits to be compared to the 
current design guidance. 
Emerson (1976a), the work of whom was discussed in Section 3.1, cites an 
adjustment factor by Hopkins and Whyte (1975) which allows the yearly return period 
of maximum and minimum shade air temperatures to be considered. Subsequently, 
BD37/01 (Highways Agency, 2001b) was used to calculate the resulting deck 
displacements which were used in the analysis. For a 40m deck, Group 4 structure 
situated in London, the abutment displacements were 10.6mm and 9.6mm for the 120-
year and 1-year return periods respectively (shown in Appendix I). Theoretical lateral 
soil stress profiles were calculated in accordance with BA42/96, based on the soil 
properties used in the modelling and a displacement based on maximum and minimum 
temperatures for a 120-year return period were used. 
The model as described in Section 7.4 above was used in the analysis. Execution 
was carried out twice for the service life of the bridge (120 displacement cycles), once 
applying the 120-year return period displacement and once for the 1-year return period   178 
displacement. The model was implemented 4 times for a range of bridge spans. A 15m 
bridge span, with a 120-year period displacement of 4mm was considered and the 
results compared to both BA42/96 and BD31/01 (Highways Agency, 2000a & 2001a). 
A bridge of 15m span is normally considered a buried structure and designed as such 
using BD31/01. 40m and 60m bridge spans, with related temperature displacements of 
10mm and 16mm respectively (120-year return period), which are within the limits of 
BA42/96, and a 100m span with a typical temperature displacement of 26mm (120-year 
return period), outwith the guidance limit, were also considered. The calculation and a 
summary of the abutment displacements are given in Appendix I. 
Figure 7.22 to Figure 7.25 shows the predicted lateral stress for all cases and 
those predicted using the guidance. Comparing the 1-year and 120-year return periods 
shows a substantial increase in soil stresses, by around 17% at mid height for the 40m 
bridge and 20% for the 100m bridge. Considering the 40m bridge shows that even a 
small change in bridge displacement, 2mm, results in a significant increase in generated 
stresses. The figures also show the development of a triangular stress profile which is 
more distinct with larger cycles of displacement. 
Considering the two cases where BA42/96 is valid, the 40m and 60m spans, for 
the majority of the retained height both the 1-year and 120-year return periods are 
predicted to generate substantially less lateral stress than the current guidance 
prescribes. Significantly, modelling shows that the predicted stresses are likely to 
exceed those prescribed using BA42/96 for the uppermost part of the abutment in both 
the 40m and 60m cases.  
The 40m and 60m bridge predictions display a similar trend to that noted at the 
Bramham Road Crossroads bridge, monitored by TRL and latterly CBDG (Barker and 
Carder 2001 & 2006), which was also a spread base abutment. Comparing measured 
and predicted soil stresses for this site, as shown in Figure 3.3, showed that over the top 
1/3 the prediction of BA42/96 was exceeded. Below this, the measured values were 
about ½ of that predicted. Figure 7.23 to Figure 7.25 indicates a similar case was found 
during modelling. Such behaviour could be significant in terms of design as, 
considering the lever arm, large stresses acting on the abutment at distance are going to 
result in large bending moments. Both the increased stress in the top 1/3 and the 
reduced stress below this are significant features which are not reflected in the current 
guidance.   179 
The 15m bridge was compared to both BA42/96 and BD31/01 (Figure 7.22). 
When using a 1-year return period, the stresses are very similar to those generated by 
BD31/01. However, when considering the 120-year return period, the stresses generated 
are in excess of those determined by BD31/01, though still substantially less than those 
determined using BA42/96. In the 100m case the predicted stress profile caused by both 
the 1-year and 120-year return period displacement caused peak lateral stress far in 
excess of those prescribed by BA42/96 (Figure 7.25). 
 
The research discussed here aimed to investigate the current design guidance. By 
modelling a spread base integral bridge it can be seen that there are significant features 
of soil-structure interaction which are not reflected in design. Further to this, 
comparison with gathered field data shows that the behaviour noted by the predicted 
and limited measured data are similar, and are substantially different from the current 
guidance. This is the case independent of whether 120 cycles of 1-year or 120-year 
return periods are considered, although these also show differences between the stresses 
generated. Testing of a 100m bridge has indicated to design outwith the limits of 
BA42/96 would significantly underestimate the peak lateral stress for the majority of 
the retained height. The smallest bridge considered by the guidance, a 15m span, will 
generate stresses in excess of those prescribed by BD31/01, though not those from 
BA42/96. 
Explicit modelling of a system would allow the true lateral stress loads acting on 
an abutment to be accounted for in the design process, eliminating the problems 
highlighted with the current guidance. This would allow account to be taken of the 
abutment stiffness in the system, and soil stresses to be accurately modelled. While this 
would be possible, it would be reasonable to use the model results to develop spring 
stiffnesses or an equivalent linear elastic model for implementation in the design 
process. This is discussed further in Section 8.2. 
 
7.5.2 Cycles of daily deck displacement  
 
The current design guidance is based on experimental data which indicated that small 
changes in cyclic displacement cause no escalation in peak lateral stresses. From this, 
the researchers concluded that modelling using annual displacements was suitable for   180 
replicating the expansion and contraction behaviour of a bridge. However, the true 
representation of daily displacement has not been considered. Daily cycles are not 
simply small versions of yearly cycles, but trace the EBT curve as discussed in Section 
3.1. Figure 7.26 is a schematic of a typical bridge displacement for a single month of a 
yearly cycle. In a modelling context, whether physical or numerical, as part of the 
yearly cycle displacement, the monthly movement would be applied as a monotonic 
displacement between the endpoints of the red line. Applying daily displacements 
would involve applying the black line (or a suitable approximation).  
It is not possible to predict the exact thermal regime a bridge will be subjected to 
throughout its design life. For this reason, an actual bridge was considered for the 
model. The main basis of the work on bridge temperature changes was that of Emerson 
(1976, 1976a, 1977, 1977a & 1982) and this work still forms the basis of the guidance 
in BD37/01 (Highways Agency, 2001a). A major component of Emerson’s work was 
experimental investigations of bridge temperatures, which included collecting shade air 
temperatures at various sites and correlating them with measured effective bridge 
temperatures. It was this data which was used to investigate the effects of daily cycles. 
Adur Bridge slip road is a concrete slab bridge situated in West Sussex. It was 
monitored in 1969 and the results discussed in the work of Emerson (1976a). Included 
in the report is a plot of the shade air and effective bridge temperatures measured for 
each day of the year. Using this, an average daily EBT, an average maximum daily EBT 
and average minimum daily EBT were found for each month, allowing Figure 7.27 to 
be produced. This shows that the bridge EBT increases during the summer months in 
comparison to the lower values noted during the winter. This was used to predict an 
average daily cycle. The formula for calculating the daily maximum EBT was: 
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max − − + = − −     (7.1) 
 
where EBT
Max
d is the maximum value of EBT for day dn, and dm is the number of days 
in the month. EBT
Max
m is the maximum value of EBT for the end of the month being 
considered and EBT
Max
m-1 is the maximum value of EBT for the end of the previous 
month. Calculating the daily minimum EBT was achieved using the same formula, but 
the subscripts ‘max’ were replaced with ‘min’, and the minimum values adopted as 
opposed to the maximum. This allowed the daily cyclic variation, a typical plot shown   181 
in Figure 7.28, to be determined for each month. For the yearly cycle, the maximum 
daily average EBT for July and the minimum daily average EBT for January were 
adopted. The yearly and daily EBT was then used to calculate yearly and daily 
displacements based on a bridge span of 40m following a similar procedure to 
Appendix I. The range of EBT was 16°C for the yearly case and typically 4°C for the 
daily case. 
This was implemented in the finite difference programme. Bridge deck 
displacement in the daily cycle case was applied as 365 separate applications. Note that 
only 10 years of bridge abutment cycling was used due to the very long execution times 
required for the number of cycles. To make the model less computationally expensive, 
several adaptations were made to the spread base abutment model. The timestep size 
was increased, so that each cycles of extension or contraction was applied over 40 steps 
rather than 200. The effect of this was negligible, as the EBT range for the year under 
consideration was much less than that of the 120-year return period, ensuring shock 
loading was not an issue. The element size for the grid was also increased in areas far 
away from the area of interest. This ensured that the model was practical for use, 
although it still required a weekend to execute. 
Figure 7.29 shows the lateral stresses generated for both cases after ‘10 Years’, 
applied as either 10 single cycles of yearly displacement, or 3650 cycles of daily 
displacement. Although care must be taken when considering the results, as 10 years is 
only 1/12 of the design service life of a bridge, results at an early stage show that 
considering daily cycles of displacement increases the resultant stress acting at the 
abutment. The applied yearly displacements only increase stresses slightly above the ‘at 
rest’ value. However, when cycles of daily displacement are applied, a considerable 
increase is observed, around 10% at mid-height.  
Considering the mid-height element, a plot of yearly peak lateral stress increase 
with time can be considered, as shown in Figure 7.30. This shows that in the case of 
yearly cycles, the rate of change of peak lateral stress with time is reducing, in a similar 
manner to that discussed in Section 6.5.1. A similar trend is noted in the case of daily 
cycles, however the rate of change has decayed less relative to yearly cycles, indicating 
that peak lateral stresses are diverging when considering both cases. The effect of this is 
that the difference would continue to increase beyond 10%, until the rate of change in 
the daily case decayed to the same level as in the yearly case. 
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Although it cannot be concluded for definite what happens in the long term, there is a 
clear indication that when daily cycles are applied, the predicted peak lateral stress 
increases relative to the yearly equivalent.  Considering the formulation of the soil 
model, this is due to an increase in hardening parameter. The hardening parameter was 
introduced to account for the combined effects of densification and rolling/sliding 
which cause secant stiffness to increase with cycles. Xu (2005) cites the work of 
Skinner (1969) who states that rolling/sliding occurs near the active limit, meaning that 
the effects of this mechanism only happen when this limit is reached. Conversely, 
densification occurs during any compression phase. Due to the model formulation, the 
hardening parameter increases during any compression phase, regardless of whether the 
active limit was reached or not during the previous extension. It is impossible to 
separate the rolling/sliding and densification mechanisms, and therefore to develop the 
model further, so the results achieved when applying daily cycles must be considered 
with care. However, it indicates that applying daily cycles may have an effect on the 
stresses achieved and therefore more work should be concentrated in this area. 
 
7.6 Summary 
 
Confirmation that the abutment and soil system behaved acceptably in Chapter 6 
allowed a parametric study to be carried out. This showed that while abutment stiffness 
and secant stiffness profile can have an effect on lateral stress acting on the abutment, 
there are practical issues which may prevent these from being significant. Conversely, 
the coefficient of wall friction has an effect on the lateral soil stress behaviour and 
requires further testing. 
Comparing the behaviour of a centrifuge and spread base abutment system 
shows that while translation does occur in the model, global rotation and flexure of the 
abutment remain the primary mechanisms of accommodating deck displacements. The 
translation and deck/abutment connection effects have a minimal influence on the soil 
stresses which develop.  
A primary motivation for the research discussed here is the fact that the design 
guidance is generally viewed in industry as being overly conservative. Using a lateral 
stress envelope based on 120 cycles of 1-year and 120-year return periods for EBT 
shows that while the lower part of an integral bridge is subject to much lower loads than   183 
predicted using BA42/96 (Highways Agency, 2000a), the top 1/3
 is subject to higher 
stresses than predicted. When comparing this with field tests it shows that, in general, 
the behaviour found in-service matches that predicted by the model. Using the model in 
a design context would allow these shortcomings to be negated. 
The current design guidance is based on physical tests (as described in Section 
3.4) where cycles of constant displacement , modelling the annual range of EBT, are 
applied. Again, this is not the case when in-service, and the model was used to test the 
effect of applying daily cycles, each with a unique start and end displacement. Due to 
computational expense, only ‘10 years’ of cycles could be tested, but these show that a 
significant difference occurs between the daily and yearly cycle application results. The 
formulation of the model prevents further research into this area, but it indicates that 
experimental investigations are required to further investigate the behaviour of the soil 
under realistic daily cycles. 
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Figure 7.1 Peak lateral stress acting on a 4m abutment for 20
th cycle of 60m bridge 
displacement for varying Wall Friction Coefficient 
 
 
 
Figure 7.2 Peak lateral stress acting on a 4m abutment for 100
th cycle of 60m bridge 
displacement for varying Wall Friction Coefficient 
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Figure 7.3 Variation of secant stiffness profile with initial average stress adopted for 
tests with varying change in secant stiffness with depth 
 
 
Figure 7.4 Peak lateral stress acting on a 4m abutment for 20
th cycle of 60m bridge 
displacement for varying change in secant stiffness with depth 
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Figure 7.5 Peak lateral stress acting on a 4m abutment for 100
th cycle of 60m bridge 
displacement for varying change in secant stiffness with depth 
 
 
 
Figure 7.6 Peak lateral stress acting on a 4m abutment for 20
th cycle of 60m bridge 
displacement for varying abutment stiffness 
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Figure 7.7 Peak lateral stress acting on a 4m abutment for 100
th cycle of 60m bridge 
displacement for varying abutment stiffness 
 
 
Figure 7.8 Peak abutment displacements of a 4m abutment for 20
th cycle of 60m 
bridge displacement for varying abutment stiffness   188 
 
 
Figure 7.9 Peak abutment displacements of a 4m abutment for 100
th cycle of 60m 
bridge displacement for varying abutment stiffness 
 
 
 
Figure 7.10 Comparison of peak lateral stress at discrete abutment locations for the 
5
th, 10
th and 100
th cycle showing FLAC prediction with Tapper and Lehane 
measurement for rotational magnitude of 0.05% – Wall friction coefficient of 3φ’/5 
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Figure 7.11 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
100
th and 1000
th cycle showing FLAC prediction with Tapper and Lehane 
measurement for rotational magnitude of 0.20% – Wall friction coefficient of 3φ’/5 
 
 
Figure 7.12 Comparison of peak lateral stress at discrete abutment locations for the 5
th 
and 100
th cycle showing FLAC prediction with Tapper and Lehane measurement for 
rotational magnitude of 0.63% – Wall friction coefficient of 3φ’/5 
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Figure 7.13 Schematic of spread base abutment bridge geometry 
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a) Total grid 
 
 
 
b) Grid near bridge and dimensions adopted 
 
 
Figure 7.14 FLAC grid used for investigations of spread base abutment bridge   192 
 
Figure 7.15 Initial displacement of 4m high spread-base abutment after equilibrium 
had been reached (prior to cycling) 
 
 
 
 
Figure 7.16 Contour plot of equilibrium lateral stress after wall installation (prior to 
cycling) 
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Figure 7.17 Typical horizontal displacement of spread base toe for a 4m high 
abutment during cycles of 60m bridge movement 
 
 
 
 
Figure 7.18 Abutment displacement for the 20
th and 100
th cycle of 60m bridge 
displacement for the 4m high spread-base abutment model 
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Figure 7.19 Peak lateral stress acting for the 20
th and 100
th cycle of 60m bridge 
displacement for the 4m high spread-base abutment model 
 
Figure 7.20 Comparison of peak lateral abutment displacement for 4m high spread 
base abutment bridge and 4m high centrifuge test after 100 cycles of 60m bridge 
displacement 
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Figure 7.21 Comparison of peak lateral stress for 4m high spread base abutment 
bridge and 4m high centrifuge test after 100 cycles of 60m bridge displacement 
 
 
 
Figure 7.22 Comparison of peak lateral stress for a 4m high spread base abutment for 
1-year and 120-year return periods with BA42/96 and BD31/01 lateral soil stress 
profiles for a 15m bridge 
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Figure 7.23 Comparison of peak lateral stress for a 4m high spread base abutment for 
1-year and 120-year return periods with BA42/96 lateral soil stress profile for a 40m 
bridge 
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Figure 7.24 Comparison of peak lateral stress for a 4m high spread base abutment for 
1-year and 120-year return periods with BA42/96 lateral soil stress profile for a 60m 
bridge 
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Figure 7.25 Comparison of peak lateral stress for a 4m high spread base abutment for 
1-year and 120-year return periods with BA42/96 lateral soil stress profile for a 100m 
bridge 
 
 
Figure 7.26 Schematic of typical monthly and daily change in bridge displacement 
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Figure 7.27 Maximum, minimum and average EBT as monitored for Adur Bridge Slip 
Road during 1 year (Emerson 1976a) 
 
 
Figure 7.28 Derived daily changes in EBT of Adur Bridge Slip Road for month 1 of 
the typical year 
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Figure 7.29 Comparison of predicted peak lateral stress for daily and yearly cycles 
after 10 years for 4m high spread base abutment and 40m bridge displacement 
 
Figure 7.30 Development of yearly peak lateral stress with cycles at mid height for a 
4m high spread base abutment and 40m bridge displacement after 10 years of service 
comparing daily and yearly movement   200 
Chapter 8 Conclusions and further work 
 
The Engineering Doctorate was carried out within an industrial context, with Mott 
MacDonald identifying the lateral soil stress acting on integral bridge abutments as an 
area of concern. This was with regard to both the stresses which develop and their 
application within the design process. The literature review showed that limited 
physical and numerical modelling had been carried out in relation to integral bridges. 
The work of Xu (2005), which investigated the fundamental behaviour of soil behind an 
integral bridge, allowed a numerical modelling approach to be adopted. While other 
researchers using numerical modelling had adopted existing models to describe the soil 
behaviour, the work discussed here used this knowledge to represent pre-failure 
behaviour. The conclusions of the research, with reference to the industrial context, and 
recommendations for further work are discussed here. 
 
8.1 Conclusions 
 
8.1.1 Model development and validation 
 
The work of Xu proved that cyclic radial changes in strain result in increasing peak 
radial stresses, and this was shown to be due to a combination of densification and 
rolling/sliding mechanisms. While the densification is quantifiable, the rolling and 
sliding effects are not. To accommodate this, a state variable was introduced, termed the 
hardening parameter, to allow cycling of the model to change the soil fabric. This was 
then used to derive relationships between the parameters required for Hooke’s Law, and 
how they relate to the hardening parameter. 
Implementing the relationships in Hooke’s Law allowed the calculation of pre-
failure stress change throughout the design life of a bridge, accounting for changes due 
to both densification and rolling/sliding effects. Initial model testing was carried out in a 
commercially available spreadsheet package which proved that the model worked when 
replicating a single cycle of a triaxial test. Implementing the derived model within a 
computational programme allowed repeated cycles to be considered, but required the 
model to be adapted for the timestep method, where each radial strain range is applied   201 
over a number of steps. This new implementation was checked, again for a single cycle 
of the traxial test, in a spreadsheet package and was found to work well. 
The model was implemented in a finite difference programme, FLAC, using the 
in-built programming language, Fish. Further analysis of the experimental work of Xu 
showed that failure occurred as predicted using the Mohr-Coulomb failure criterion. 
This was therefore adopted from the existing FLAC formulation. The triaxial tests were 
modelled in FLAC as carried out by Xu for 50, 100 and 250 cycles and varying initial 
densities. Comparing the predicted and experimental values, both for the stress-strain 
relationship and the individual parameters, showed the model to behave well and proved 
that it worked for replicating the behaviour of a single soil element under cyclic triaxial 
testing. 
While this proved the soil model worked for the triaxial case it did not achieve 
the project aims. To do this the model had to be validated against an abutment system. 
The literature review showed that the field testing was of limited use due to the 
monitoring periods considered. The centrifuge testing carried out by Tapper and Lehane 
(2004) was considered most suitable. The centrifuge prototype was modelled in FLAC 
and the lateral soil stresses monitored at points coinciding with the physical 
measurement points in the test. Comparing the experimental and predicted results for 
maximum lateral stress during a cycle shows that the results compare well when 
account is taken of the secant stiffness profile. This shows that the model is suitable for 
predicting soil stresses associated with integral bridge abutments. Further testing 
showed that under the probable range of bridge geometries the mathematical model 
behaved as expected and no mathematical anomalies occurred.  
 
8.1.2 Soil-structure interaction parametric study 
 
The validation of the model proved that it was suitable for use in a parametric study 
aimed at studying the soil-structure interaction. Investigation of the abutment stiffness, 
soil secant stiffness profile and wall friction coefficient adopted in the analysis allowed 
soil-structure interaction to be evaluated.  
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•  The study of varying secant stiffness profile indicated that a significant variation 
from the initial profile of change in secant stiffness with depth is required to 
influence the lateral stress acting on the abutment.  
 
•  If abutment stiffness is varied (based on a practical range of pile diameters), 
flexure of the abutment can allow a reduction in the lateral soil stresses acting on 
the abutment. However, this only considers horizontal loads, and if vertical 
loads and criteria such as crack width are considered, then the practicality of 
reducing the abutment stiffness means that often the benefit will be minimal.  
 
•  The parametric study showed that varying the coefficient of wall friction could 
have a significant effect on the resulting lateral soil stress profile, and that while 
the current guidance value of φ’/2 provides a reasonable approximation, a value 
of 3φ’/5 was found to be more suitable for the experimental test investigated 
here.  
 
8.1.3 Design guidance 
 
The centrifuge test, used in the parametric study, modelled an idealised system with a 
pinned base which would not occur in-service. A spread base abutment bridge was 
numerically modelled and compared to the equivalent model of the centrifuge test. This 
showed that while a small amount of translation occurred in the former case, the main 
mechanism for accommodation of bridge deck expansion is global rotation and flexure 
of the abutment. Lateral stress and displacements computed for both the spread base and 
centrifuge models were similar, validating the use of a centrifuge in the study of integral 
bridges. 
The spread base abutment system was then used to evaluate the current design 
guidance. Investigating constant cycles of wall displacement based on both 1-year and 
120-year return period displacements, indicated that the current design guidance was 
overly conservative for the bottom 2/3 of the wall. For the top 1/3 the design guidance 
lateral stresses at the abutment were exceeded by the model prediction for all cases 
considered. When compared to the limited field data for a monitored bridge, there is an 
indication that a similar trend develops.    203 
Daily cycles with a start value, end value and magnitude dependant on the time 
of year were also considered and compared to the yearly equivalent. Due to the 
computational expense of running a model of this size with daily cycles, only 10 years 
of service was considered. This clearly shows that the application of daily cycles causes 
a stress escalation in comparison to yearly cycles. Although the model formulation 
prevents further numerical investigation, it indicates that more research should be 
concentrated in this area. 
 
8.1.4 Industrial context 
 
The research developed a model which was suitable for predicting lateral soil stresses 
which develop when an integral bridge abutment undergoes cyclic loading caused by 
deck displacements, allowing both simple and complex structural geometries to be 
considered. The parametric study showed that the soil-structure interaction which 
occurs with such structures can be modelled satisfactory, although the influence of the 
relative stiffness of soil and structure is likely to be minimal. Using this model stresses 
could be derived for any bridge geometry, or an equivalent linear elastic model could be 
derived for use in further structural analysis. With either approach, the efficiency of the 
design process would be improved. Ultimately, the model, validation and testing fulfil 
the objectives set out at the start of the project. 
 
8.2 Further work 
 
The research has indicated several areas where further work should be carried out. This 
can be split into three sections: 
 
•  Field Monitoring 
•  Laboratory Studies 
•  Numerical Modelling 
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8.2.1 Field monitoring 
 
The literature review indicated that while good work by TRL and CBDG had been 
carried out, the usefulness was restricted due to the timescale of monitoring. The 
continued monitoring of the current sites is essential to help establish whether the 
laboratory experiments, and by implication the numerical modelling discussed here, are 
truly representative of the in-service case. 
It is also obvious from the literature review that only backfilled bridges have 
been considered for monitoring. While there are problems associated with monitoring 
embedded bridges in clay, as experienced by TRL (Barker and Carder, 2000), work at 
CTRL (Clark et al., 2004) has shown it to be possible for retaining walls. The work of 
Xu and the new guidance, PD6694-1:2009 (2008), indicate there are smaller lateral soil 
stresses in this case and monitoring is needed to confirm that this, providing the 
opportunity to increase structural efficiency. 
In addition to the continuing research into stress absorbing layers, there is the 
opportunity to use alternative materials such spherical balls behind bridge abutments. 
Unlike stress absorbing layers, the aim of such materials is not to absorb movement but 
to ensure stresses do not increase with cycles, as demonstrated by Xu. 
The parametric study showed that while the guidance value for wall friction 
coefficient of φ’/2 provides good results in this experimental case (3φ’/5 provides 
better), the field value needs to be determined to ensure this is the value occurring 
during service. Testing indicates that this is an important parameter when considering 
the stresses which develop and that it requires further investigation. 
 
8.2.2 Laboratory studies 
 
All laboratory work has been based on the use of sand, which is not widely used as a 
backfill in the United Kingdom. It is important that large scale cyclic triaxial testing, as 
carried out by Xu, are repeated using a ‘real’ range of 6N/6P materials. This would 
confirm for sure that the fundamental behaviour as determined by Xu was repeated in 
the in-service case and further validate the model.  
The model testing also indicates that daily cycles of abutment displacement are 
important in the development of stresses. The centrifuge and triaxial tests should be   205 
repeated using daily cycles. In addition, further centrifuge tests should be considered to 
research the differences in behaviour of soil under integral bridge loading found by 
various researchers. 
 
8.2.3 Numerical modelling 
 
In its current state, the model predicts lateral soil stresses occurring when an integral 
bridge abutment is being considered. However, this requires the construction and 
analysis of a FLAC model to analyse the abutment system being investigated. For 
routine, single span structures, further work to derive soil spring stiffness or an 
equivalent linear elastic material would allow implementation of the model in a 
structural analysis programme such as Lusas. 
The Discrete Element Method can be used to investigate the influence of particle 
shape on the mechanical behaviour of granular materials. Simulation of the triaxial, 
small scale and centrifuge tests could be used to examine the behaviour of granular 
materials  during  cycling.  Using  this  method  to  study  the  interaction  between  the 
granular backfill and the integral abutment at system level could potentially lead to 
improved understanding and modelling techniques.   206 
Appendix A Calculation of abutment displacement  
 
This appendix details the calculation used to determine the abutment displacement for 
varying bridge deck spans. 
 
Assuming a typical concrete beam and slab bridge based in the Greater London Area. 
 
Using BD37/01 (Highways Agency, 2001b): 
 
Figure 7:  Minimum Shade Air Temperature: -12°C   (120-year return period) 
Figure 8:  Maximum Shade Air Temperature: 38°C   (120-year return period) 
 
Figure 9:  Concrete Slab on Concrete Beam: Group 4 Structure 
 
Table 10:  Minimum EBT:  -7°C 
Table 11:  Maximum EBT:  37°C 
 
where EBT is Effective Bridge Temperature. Therefore, the range of EBT for a 120-
year return period is 44°C. 
 
Using BA42/96 (Highways Agency, 2000a) 
 
Coefficient of thermal expansion for a concrete deck is 0.000012/°C 
 
Using equation (3.1) 
 
  ∆L = Lo × α × ∆T                (A.1) 
 
where:   ∆L   Change in length of deck 
    Lo   Original length of deck 
α  Coefficient of thermal expansion of for a concrete deck 
∆T  Change in EBT for the structure 
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Therefore the displacement at an abutment can be calculated as: 
 
d = ∆L/2 = 0.5 × Lo × α × ∆T 
 
Substituting: 
 
d = 0.5 × Lo × 0.000528 
 
This allows Table 4.1 to be produced.   208 
Appendix B Error analysis 
 
B.1 Methodology 
 
With any modelling development it is important to consider the effect of error, and 
quantify it. When it is a series of data, as is the case being considered here, the fraction 
of raw variation can be used. 
This method gives the proportion of the variance of one variable that is 
predictable due to a change in another variable. In this case it may be the change in axial 
strain or secant Horizontal Young’s modulus from the change in radial strain, or one of 
the coefficient values calculated using the hardening parameter. 
Considering the linear case with the experimental data point yi, the model 
prediction for that point yp and the mean, denoted by ym. The fraction of raw data can be 
calculated as R
2 for data points 1 to n: 
 
( ) ( )
( ) ∑
∑ ∑
−
− − −
= n
m i
n
p i
n
m i
y y
y y y y
R
1
2
1
2
1
2
2             (B.1) 
 
When this value has been determined for a fitted curve R
2 will have a value between 0 
and 1, where the closer to 1 the better fit for the curve. Similarly this can be carried out 
for any type of curve fit. The spreadsheet package Microsoft Excel calculates this 
automatically and has been used here. 
The criteria for determining whether the error was acceptable was ultimately 
determined by the model testing in Section 4.15. Initially, this was set so that R
2 had to 
be above 0.950 in all cases. Testing showed this to be insufficiently accurate and it was 
increased to 0.970, which proved to work well in testing. 
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B.2 Young’s modulus and axial strain 
 
In the case of change in axial strain or secant Horizontal Young’s modulus with change 
in radial strain, the experimental values published by Xu (2005) were compared to the 
predicted values. The results are shown in Table B.1 for the compression phase and 
Table B.2 for the extension phase. 
 
 
 
 
Table B.1 – R
2 value for secant Horizontal Young’s modulus and change in axial 
strain for the modelled Compression Phase 
 
R squared value  Extension Cycle 
E’h   Change in Axial Strain 
Loose1  0.9627  0.9989 
Loose 50  0.9659  0.9981 
Loose 100  0.9926  0.9998 
Dense 1  0.9765  0.9908 
Dense 50  0.9925  0.9808 
Very Dense 1  0.9679  0.9661 
Very Dense 50  0.9851  0.9948 
Very Dense 250  0.9865  0.9802 
Mean  0.9787  0.9887 
 
 
 
 
 
 
 
 
   210 
Table B.2 – R
2 value for secant Horizontal Young’s modulus and change in axial 
strain for the modelled Extension Phase 
 
R squared value  Compression 
Cycle  E’h  Change in Axial Strain 
Loose1  0.9858  0.9984 
Loose 50  0.9805  0.9996 
Loose 100  0.9752  0.9999 
Dense 1  0.8917  0.9668 
Dense 50  0.9896  0.9550 
Very Dense 1  0.9865  0.9780 
Very Dense 50  0.9756  0.9906 
Very Dense 250  0.9785  0.9916 
Mean  0.9704  0.9850 
 
As is noted from the table, the model fit is very good in comparison to the experimental 
data as R
2 ≈ 1. 
 
B.3 Coefficients 
 
In the case of coefficient generation upon which all variables rely on, a single 
expression was generated for each. Table B.3 shows the coefficients and the related R
2 
value. 
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Table B.3 - R
2 value for generation of coefficients with respect to hardening 
parameter 
 
Coefficient  R squared value 
A  0.9993 
B  0.9979 
C  0.9937 
D  0.9998 
P  0.9799 
Q  0.9999 
X  0.9980 
Y  0.9989 
 
Table B.1to Table B.3 shows that a good accuracy was achieved when comparing the 
experimentally obtained values to the model predicted values. This was confirmed by 
the testing of the model which worked well.   212 
Appendix C Relationship between dry density and 
relative density 
 
This appendix contains details of the calculation relating dry and relative densities. This 
is used to relate the current specification, BA42/96 (Highways Agency, 2000a), to the 
relative density determined experimentally and used in the model. 
 
Dry density, ρdry, can be calculated as: 
 
water
s
dry e
G
ρ ρ ×
+
=
1
             (C.1) 
 
where ρwater is the density of water, Gs is the specific gravity of the material and e is the 
void ratio. Therefore, the maximum dry density of a material is dependant on the 
minimum void ratio: 
 
water
s
dry e
G
ρ ρ ×
+
=
min
max 1
           (C.2) 
 
where ρdry max is the maximum dry density of the material under consideration and emin is 
the minimum void ratio. 
 
The guidance, BA42/96, dictates that a granular backfill material must be compacted to 
a dry density of 95% of the maximum dry density. 
 
max 95 . 0 dry spec ρ ρ =              (C.3) 
 
Therefore, the void ratio required by the guidance, espec, can be calculated as: 
 
water
s
water
spec
s
e
G
e
G
ρ ρ ×
+
= ×
+ min 1
95 . 0
1
        (C.4) 
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which reduces to: 
 
95 . 0
1
1 min e
espec
+
= +               (C.5) 
 
Xu (2005) published a value of 0.51 for the minimum void ratio of the Leighton 
Buzzard sand used, so therefore: 
 
95 . 0
51 . 0 1
1
+
= + spec e               (C.6) 
   
589 . 0 = spec e  
 
So the minimum void ratio required by the guidance is 0.589. 
 
Relative density, DR, can be calculated using equation (C.7): 
 
min max
max
e e
e e
DR −
−
=               (C.7) 
 
where emax and emin are the maximum and minimum void ratios respectively. Xu 
published a value of 0.768 for the maximum void ratio of Leighton Buzzard sand, so 
using equation (C.7): 
 
% 4 . 69
510 . 0 768 . 0
589 . 0 768 . 0
=
−
−
= R D           (C.8) 
 
Therefore, according to the guidance, the backfill must be placed at a relative density of 
no less the 69%. 
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Appendix D FLAC implementation of the Mohr-
Coulomb failure criterion 
 
A commonly used failure criterion in FLAC is that of Mohr-Coulomb (shear yield function) 
with tension cutoff (tensile yield function) using a non-associated shear flow rule and 
associated tensile flow rule. Analysis of the data by published by Xu (2005) indicated this 
was a suitable criterion for predicting the onset of failure as discussed in Section 4.13. The 
subroutine used was based on the FLAC formulation. 
 
D.1 Incremental elastic law 
 
In the FLAC implementation of this model, principal stresses σ1, σ2, σ3 are used (the out-of-
plane stress, σzz, is recognized as one of these). The principal stresses and principal 
directions are evaluated from the stress tensor components and ordered so that: 
 
3 2 1 σ σ σ ≤ ≤                 (D.1) 
 
(compressive stresses are negative as discussed in Section 4.4). The corresponding 
principal strain increments ∆ε1, ∆ε2, ∆ε3, have the following components: 
 
p
i
e
i i ε ε ε ∆ + ∆ = ∆               (D.2) 
 
Where the superscripts e and p refer to the elastic and plastic parts respectively, and 
i=1,2,3. The plastic components are zero unless during plastic flow. Similarly to that 
discussed in Section 5.3.3, the incremental expression of Hooke’s law in terms of principal 
stress and strain has the form: 
 
( ) ( ) 2 3 2 1 1 1 α ε ε ε α σ × ∆ + ∆ + ∆ × = ∆
e e e          (D.3) 
( ) ( ) 2 3 1 2 1 2 α ε ε ε α σ × ∆ + ∆ + ∆ × = ∆ e e e         (D.4)   215 
( ) ( ) 2 2 1 3 1 2 α ε ε ε α σ × ∆ + ∆ + ∆ × = ∆ e e e         (D.5) 
 
where α1 and α2 are coefficients reliant on shear modulus, bulk modulus and poisons ratio 
(Equation 5.10 and 5.11). 
 
D.2 Yield and potential functions 
 
With the ordering convention of equation (D.1), the failure criterion may be represented in 
the plane (σ1, σ3) as illustrated in Figure D.1 below: 
 
 
 
Figure D.1 Definition of failure surface used within FLAC Mohr Coulomb model 
 
The failure envelope is defined from point A to point B by the Mohr-Coulomb shear yield 
function, 
 
φ φ σ σ N c N fs 2 3 1 + − =             (D.6)   216 
 
and from B to C by a tension yield function of the form 
 
3 σ σ − = t t f                 (D.7) 
 
where c is the cohesion, σt the tensile strength, and  
 
' sin 1
' sin 1
φ
φ
φ −
+
= N                 (D.8) 
 
where φ’ is the effective friction angle. Note that only the major and minor principal 
stresses are active in the shear yield formulation and the intermediate principal stress has no 
effect. For a material with friction, i.e. 
 
0 ≠ φ                   (D.9) 
 
then the tensile strength of the material cannot exceed the value σt max, given by 
 
φ
σ
tan
max c
t =                 (D.10) 
 
The shear potential function gs corresponds to a non-associated flow rule and has the form 
 
ψ σ σ N g
s
3 1 − =               (D.11) 
 
where ψ is the dilation angle 
 
ψ
ψ
ψ sin 1
sin 1
−
+
= N               (D.12) 
 
The associated flow rule for tensile failure is derived from the potential function gt, with   217 
 
3 σ − =
t g                 (D.13) 
 
The flow rules for this model are given a unique definition in the vicinity of the shear-
tension edge. A function, h(σ1, σ3) = 0, which is represents the diagonal between the lines fs 
= 0 and ft = 0 in the (σ1, σ3) plane, is defined (see Figure D.2 below): 
 
 
Figure D.2 Definition of shear and tensile domains used in FLAC Mohr-Coulomb 
implementation 
 
This function has the form: 
 
( )
p
p t h σ σ α σ σ − + − = 1 3             (D.14) 
 
where αP and σ
P are constants defined as 
 
φ φ α N N p + + =
2 1               (D.15)   218 
and 
 
φ φ σ σ N c N
t p 2 − =              (D.16) 
 
An elastic guess violating the failure criterion is represented by a point in the (σ1, σ3) plane 
located either in domain 1 or 2, corresponding to a negative or positive value of h = 0 
respectively. If in domain 1, shear failure is declared, and the stress point is brought back to 
the curve fs = 0 using a flow rule derived using the potential function gs. If in domain 2, 
tensile failure takes place, and the stress point is brought back to ft = 0 using a flow rule 
derived using gt.  
 
D.3 Plastic corrections 
 
Considering shear failure, the flow rule has the form 
 
i
s
s p
i
g
σ
λ ε
∂
∂
= ∆                (D.17) 
 
where i = 1,2,3 and λs is a parameter of unknown magnitude. Using equation (D.11) for gs, 
these equations become: 
 
 
s p λ ε = ∆ 1                 (D.18) 
0 2 = ∆
p ε                 (D.19) 
ψ λ ε N
s p − = ∆ 3                (D.20) 
 
The elastic strain increments may be expressed from equation (D.2) as total minus plastic 
increments. In further using the flow rule, equations (D.18) to (D.20), above, the elastic 
laws in equations (D.3) to (D.5) become: 
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( ) ( ) ( ) ψ α α λ α ε ε ε α σ N
s
2 1 2 3 2 1 1 1 − − × ∆ + ∆ + ∆ × = ∆     (D.21) 
( ) ( ) ( ) ψ α λ α ε ε ε α σ N
s − − × ∆ + ∆ + ∆ × = ∆ 1 2 2 3 1 2 1 2      (D.22) 
( ) ( ) ( ) ψ α α λ α ε ε ε α σ N
s
1 2 2 2 1 3 1 3 − − × ∆ + ∆ + ∆ × = ∆     (D.23) 
 
If the new and old stress states are referred to by the superscripts N and O respectively, then 
by definition: 
 
i
O
i
N
i σ σ σ ∆ + =               (D.24) 
 
Substituting equations (D.21) to (D.23) for ∆σi: 
 
( ) ψ α α λ σ σ N
s I N
2 1 1 1 − − =             (D.25) 
( ) ψ α λ σ σ N
s I N − − = 1 2 2 2             (D.26) 
( ) ψ α α λ σ σ N
s I N
1 2 3 3 − − =             (D.27) 
 
where the superscript I is used to represent the elastic guess, obtained by adding to the old 
stresses to the elastic increments computed using the total strain changes — i.e., 
 
( ) ( ) ( ) 2 3 2 1 1 1 1 α ε ε ε α σ σ × ∆ + ∆ + ∆ × + =
O I         (D.28) 
( ) ( ) ( ) 2 3 1 2 1 2 2 α ε ε ε α σ σ × ∆ + ∆ + ∆ × + =
O I         (D.29) 
( ) ( ) ( ) 2 2 1 3 1 3 3 α ε ε ε α σ σ × ∆ + ∆ + ∆ × + =
O I         (D.30) 
 
The parameter λs may now be defined by requiring that the new stress point be located on 
the shear yield surface, i.e. brought back to the curve fs = 0. Substitution of σN1 and σN3 for 
σ1 and σ3 in fs = 0 gives, after manipulation (see equations (D.6) and (D.26) to (D.27)): 
 
( )
( ) ( ) φ ψ ψ α α α α
σ σ
λ
N N N
f
I I s
s
1 2 2 1
3 1 ,
− − −
=           (D.31)   220 
 
In the case of tensile failure, the flow rule has the form 
 
i
t
t p
i
g
σ
λ ε
∂
∂
= ∆                (D.32) 
 
where λt is a parameter with a magnitude which is not yet defined. Using equation (D.13) 
for gt, this expression gives, after partial differentiation: 
 
0 1 = ∆
p ε                 (D.33) 
0 2 = ∆
p ε                 (D.34) 
t p λ ε − = ∆ 3                 (D.35) 
 
Repeating the same reasoning as for shear failure, we obtain: 
 
2 1 1 α λ σ σ
t I N + =               (D.36) 
2 2 2 α λ σ σ
t I N + =               (D.37) 
1 3 3 α λ σ σ
t I N + =               (D.38) 
 
and 
 
( )
1
3
α
σ
λ
I t
t f
=                 (D.39) 
 
D.4 Implementation procedure 
 
In the implementation of the Mohr-Coulomb in FLAC, an elastic guess σij is first computed, 
by adding to the old stress components increments calculated by application of Hooke’s 
Law to the total strain increment for the step. Principal stresses σI1, σI2, σI3 and   221 
corresponding principal directions are calculated and ordered. If these stresses violate the 
yield criterion, a correction must be applied to the elastic guess to give the new stress state. 
In this situation, the case is that either h(σI1,σI3) ≤ 0 or h(σI1,σI3) > 0 (see equation (D.14)). 
In the first case, shear failure is declared. New stresses are evaluated from equation (D.25) 
to (D.27) using equation (D.31) for λs. In the second case, tensile failure takes place and 
new stresses are calculated from equation (D.36) to (D.38), using equation (D.39). The 
stress tensor components in the system of reference axes are then calculated from the 
principal values by assuming that the principal directions have not been affected by the 
occurrence of a plastic correction. In FLAC, the default value for the tensile strength is 
zero. This value is brought back to σt max if the value assigned to the tensile strength exceeds 
σt max, and if the computed value of σ3 exceeds σt in a zone, the tensile strength is set to zero 
for that zone. This simulates instantaneous tensile softening. The plastic strain is not 
calculated directly in this model, in order to speed the calculation.  
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Appendix E Soil model used in FLAC 
 
;------------------------------------------------------------------------------------------------------- 
; 
; Name: m_model 
; Fish Version 
; Written: J Banks 13/02/2007 
; Only for use with Granular Soil 
; Only for use with Integral Bridge loading 
; Based on work of Xu and subsequent mathematical derivations 
;  
;------------------------------------------------------------------------------------------------------- 
; 
; Model Version 3 Updated 01/02/08 
; 
; Completed model - tested in triaxial and abutment cases 
;  
; Comments added 
; 
;------------------------------------------------------------------------------------------------------- 
; 
set echo off 
  def m_model 
  constitutive_model 
  ;  
  ;----------------------------------------------------------------------------------------------------- 
  ; 
  ; Define properties, variables and Flags 
  ; 
  ;----------------------------------------------------------------------------------------------------- 
  ; 
  ; Properties for Granular Soil Model 
  ; 
  f_prop m_Dri m_gami 
  f_prop m_dvol m_vol m_k m_g 
  ; 
  ; For monitoring 
  ; 
  f_prop m_zz m_e m_xstrain m_ystrain 
  ; 
  ;---------------------------------------------------------------------------------------------------- 
  ; Variables Required for Granular Soil Model 
  ;----------------------------------------------------------------------------------------------------- 
  ; 
  ; Variables used for coefficients 
  ; 
  float $A $B $C $D $A1 $B1 $C1 $D1 
  float $P $Q22 $Q $R11 $R22 
  float $X $Y22 $Y $Z 
  ;   223 
  ; Variables used for density and HP 
  ; 
  float $Dc $m1 $m2 $md $Drf $m_gammaf $w 
  ; 
  ; Variables used for strains calculations 
  ; 
  float $r $r2 $j $j3 
  float $del_rad1 $del_rad2 $del_rad  
  float $del_ax $del_radabs 
  float $v5 $v1 $v3 $v22 $rf $h $v4 $ri 
  float $f11 $f22 $f33 $f44 
  ; 
  ; Variables used for stress calculations 
  ; 
  float $poi $eh4 $eh1 $eh2 
  float $tg $tk $e1 $e2 $sh2 $eha 
  float $s11i $s22i $s33i $s12i 
  ;  
  ; Variables used for Young's mod with depth 
  ; 
  float $pp $fe $eh $ppo $qqq $ppp 
  ; 
  ;----------------------------------------------------------------------------------------------------- 
  ; Variables Required Failure (Mohr-Coulomb) 
  ; Properties required for Failure 
  ;----------------------------------------------------------------------------------------------------- 
  ; 
  f_prop m_coh m_csnp m_ten m_ind 
  ; 
  float $anphi $npsi $mx1 $sdif $s0 $rad $si   
  float $sii $psdif $s1 $s2 $s3 $fs $ft $alams 
  float $alamt $bisc $pdiv $tco $cs2 $si2 
  float $dc2 $dss 
  ; 
  int $icase 
  ; 
  ; ---------------------------------------------------------------------------------------------------- 
  ; 
  ; Define values from pervious cycle and x-strain 
  ; 
  ; ---------------------------------------------------------------------------------------------------- 
  ; 
  ; Define $r from previous cycle as $r2, $v1 as $v3 and $f22 as $f11 
  ; 
  $r2 = $r 
  $v3 = $v1 
  $f22 = $f11 
 ; 
; Define x-strain 
;   224 
$w = zde11 
m_xstrain = zde11 
; 
; Define cumulative value of x-strain 
; 
  $j = $j + zde11       
  if zsub > 0.0 then 
    $rf = $rf + $j/zsub 
    $j = 0 
  end_if 
; 
; ------------------------------------------------------------------------------------------------------ 
; 
; Define coefficients for later use in model  
; 
; ---------------------------------------------------------------------------------------------------- 
; 
; For secant stiffness calculation 
; 
$A1=(-0.00132057*(m_gami^3))+(0.20160855*(m_gami^2)) 
$B1=(-0.00134156*(m_gami^3))+(0.17107374*(m_gami^2)) 
$C1=(0.00001464*(m_gami^3))-(0.00356461*(m_gami^2)) 
$D1=(-0.00073096*(m_gami^3))+(0.16150888*(m_gami^2)) 
; 
$A=$A1-(11.08785051*m_gami)+81.90443466 
$B=$B1-(9.23524714*m_gami)+36.13437973 
$C=$C1+(0.3947057*m_gami)-66.03645737 
$D=$D1-(7.80893640*m_gami)-17.50616707 
; 
; For axial strain calculation 
; 
$Q22=(0.000667*(m_gami^4))-( 0.173950*(m_gami^3))+(16.465664*(m_gami^2))  
$Q=$Q22-(708.668997*m_gami)+13167.939550 
$R22=(0.000015*(m_gami^3))-(0.002225*(m_gami^2)) 
$R11=$R22+(0.048920*m_gami)+2.399731 
; 
$X22=(-0.01725*(m_gami^3))+(4.04259*(m_gami^2)) 
$X=$X22-(242.77451*m_gami)+3492.47385 
$Y=(0.00016*(m_gami^2))-(0.00092*m_gami)-0.77399 
 ; 
 ; ---------------------------------------------------------------------------------------------------- 
 ; 
 ; Hardening Parameter 
 ; 
 ; ---------------------------------------------------------------------------------------------------- 
 ; 
 ; Calculate Critical Value 
 ; 
 ; Note: zde11*X where X is the no of steps each cycle is applied as 
 ;   225 
  if zde11 # 0 then 
     $Dc=(16.59*(ln(abs(100*zde11*1000))))+79.869  
     else $Dc=0 
  end_if 
  ; 
  ; Calculate step Change 
  ;  
  ; Note: 0.0043/X where X is the no of steps each cycle is applied as 
  ; 
  ; 
  if $rf < $ri then 
          $m1 = 2.5778 * 100 * abs($w) 
          $m2 = (0.46 * 100 * abs($w)) + (0.0043/1000) 
  else 
          $m1 = 0 
          $m2 = 0 
  end_if 
 ; 
 ; Calculate new value of HP based on step change   
 ; 
 ; 
  if m_Dri < $Dc then 
     $m_gammaf = $m1 + m_gami 
 else 
     $m_gammaf = $m2 + m_gami 
 end_if   
  ; 
  ; error check 
  ; 
   if $m_gammaf > 200 then 
     $m_gammaf = 200 
   end_if 
   ; 
   if $m_gammaf < 20 then 
     $m_gammaf = 20 
   end_if 
 ; 
 ; ---------------------------------------------------------------------------------------------------- 
 ; 
 ; Calculate change radial strain input for stiffness and strain calcs 
 ; 
 ; ----------------------------------------------------------------------------------------------------    
 ; 
 ; Flag direction of step – held until next step 
 ; 
 ; 
  if zde11 > 0 then 
    $r = 0 
    else 
    $r = 1   226 
 end_if 
; 
 if zde11 = 0 then 
     $r = 8 
 end_if   
 ;  
 ; Reset value if direction of cycle has changed 
 ;    
 if $r2 # $r then 
     $del_rad1 = 0 
     $del_rad2 = 0 
     $del_rad = 0 
     $f33 = 0 
 end_if 
;  
; Get $del_rad for later in execution 
;   
$f33 = $del_rad 
; 
; Calculate cumulative $del_rad as both extension and compression 
; 
$j3 = $j3 + zde11 
 if zsub > 0.0 then 
     $del_rad1 = $del_rad1 - abs($j3/zsub) 
     $del_rad2 = $del_rad2 + abs($j3/zsub) 
     $j3 = 0 
 end_if 
 ; 
 ; Apply $del_rad as compressive or extension cycle 
 ; Note: 1e-6 to allow calculation of secant stiffness at start of cycle 
 ; 
 if zde11 > 0 then 
     $del_rad = $del_rad2 + 1e-6 
 else 
     $del_rad = $del_rad1 + 1e-6 
 end_if 
; 
; Get absolute value of $del_rad 
; 
$del_radabs = abs($del_rad) 
; 
; Error check 
; 
if zde11 # 0 then 
     if $del_radabs < 1e-6 then 
        $del_radabs = 1e-6 
     end_if 
end_if 
; 
; ----------------------------------------------------------------------------------------------------      227 
; 
; Calculate total change in axial strain and step change 
; 
; ----------------------------------------------------------------------------------------------------    
; 
; For Compressive Cycle 
;   
if zde11 < 0 then      
      $del_ax=($X*($del_rad^2))+($Y*$del_rad) 
 end_if 
 ; 
 ; For an Extension Cycle 
 ; 
 if zde11 > 0 then   
       $del_ax=($Q*($del_rad^2))+($R11*$del_rad)    
 end_if  
 ; 
 if zde11=0 then 
      $del_ax = 0 
 end_if 
 ; 
 ; Determine step change in axial strain 
 ; 
 $v22 = ($del_ax - $v3) 
 ;  
 ; Save this Axial Strain for the next Timestep 
 ;  
 $h = ($h + $v22)*zsub 
 if zsub > 0.0 then 
      $v1 = $v1 + $h/zsub 
      $h = 0 
 end_if 
 ; 
 ; Ensure that Axial Strain is zero if no movement 
 ; 
 if zde11 # 0 then  
     $v4 = 1 
     else 
     $v4 = 0 
end_if 
; 
$v5 = ($v4) * $v22; 
; 
;  Define zde22 as calculated axial strain – step change 
; 
; Error check 
; 
if abs($v5) > abs(2*zde22) then 
      $v5 = zde22 
end_if   228 
; 
; 
;    
m_ystrain = 1*$v5 
; 
 zde22 = m_ystrain  
; 
; ----------------------------------------------------------------------------------------------------    
; 
; Calculate Secant Horiz Modulus 
; 
; ----------------------------------------------------------------------------------------------------    
 ;  
 ; Calculate Extensive and compressive E'h at 80kPa Overburden 
 ; 
 $eh1 = (($A*(ln((100*$del_radabs)+0.00001)))+$B)*(1e6) 
 $eh2 = (($C*(ln((100*$del_radabs)+0.00001)))+$D)*(1e6) 
 ; 
 ; Define whether extension or compression applies 
 ; 
 if zde11 > 0 then 
     $eh4 = $eh1 
 end_if 
 ;  
 if zde11 < 0 then 
     $eh4 = $eh2 
 end_if 
 ; 
 ; Apply Young's modulus profile after Lehane et al 
 ; 
 $fe = 1.451 
 $ppo = (-66664) 
 ; 
 $pp=(-0.33333*(1.667*zs22) 
 ; 
 $cc = ($eh4/$fe)-(328*$ppo) 
 ;  
 if $cc < 10e6 then 
   $cc = 10e6 
 end_if 
 ; 
 $eh = ((328*$pp)+$cc)*$fe   
 ; 
 ; ----------------------------------------------------------------------------------------------------  
 ; 
 ; Calculate Poissons Ratio 
 ; 
 ; ----------------------------------------------------------------------------------------------------    
 ; 
 if zde11 # 0 then   229 
     $poi = ($del_ax)/(($del_ax-(2*$del_rad))+(1e-100)) 
 end_if 
; 
if zde11 = 0 then 
     $poi = 0  
end_if 
; 
; Error check 
; 
if $poi < -0.994 then 
  $poi = -0.99 
end_if 
; 
if $poi > 0.49 then 
  $poi = 0.49 
end_if 
; 
$poi1 = (1)*$poi 
; 
; ----------------------------------------------------------------------------------------------------    
; 
; Calculate corrected secant stiffness 
; 
; ----------------------------------------------------------------------------------------------------    
; 
if zsub > 0 then 
  $f44 = 4*($f22*$del_rad)/zsub 
end_if 
; 
$eha = ((($eh*$del_rad)+($f11*$w)-($f44))/($w+(1e-50))) 
; 
; Error check 
; 
if $eha < 1050e6 then 
   $eha = 10e6 
end_if 
; 
if $eha > 4000e6 then 
   $eha = 4000e6 
end_if 
; 
; ---------------------------------------------------------------------------------------------------- 
; 
; Stress Calculation – calculate K, G and coefficients and new stresses 
; 
; ---------------------------------------------------------------------------------------------------- 
;  
; Define Shear Mod, Bulk Mod and coefficients       
;      
$tg = (($eha) / (2 * ( 1 + $poi1)))   230 
$tk = (($eha) / (3 * ( 1 - (2*$poi1)))) 
; 
$e1 = ($tk + 4.0 * $tg / 3.0) 
$e2 = ($tk - 2.0 * $tg / 3.0) 
$sh2= 2.0 * $tg 
; 
; New trial stresses from old, assuming elastic increments 
; 
$s11i = zs11 + (zsub)*((((zde22/zsub) + zde33) * ($e2/zsub) + zde11 * ($e1/zsub))) 
$s22i = zs22 + zsub*(((zde11 + zde33) * ($e2/zsub) + (zde22/zsub) * ($e1/zsub))) 
$s33i = zs33 + zsub*(((zde11 + (zde22/zsub)) * ($e2/zsub) + zde33 * ($e1/zsub))) 
$s12i = zs12 + zsub*(zde12 * ($sh2/zsub)) 
; 
; ---------------------------------------------------------------------------------------------------- 
; 
; Failure  
; Mohr Coulomb from FLAC 
; 
; ---------------------------------------------------------------------------------------------------- 
;  
; Define Variables 
;    
$anphi = 4 
$npsi = 1 
m_coh = 1 
; 
$mx1 = $e1 - $e2*$npsi + ($e1*$npsi - $e2)*$anphi   
m_csnp  = 2.0 * m_coh * sqrt($anphi) 
; 
;-------------------------------------------- 
; FLAC Calc 
;-------------------------------------------- 
;      
$sdif = $s11i - $s22i 
$s0   = 0.5 * ($s11i + $s22i) 
$rad  =  0.5 * sqrt(abs($sdif*$sdif + 4.0 * $s12i*$s12i)) 
; 
; --- principal stresses --- 
$si    =  $s0 - $rad 
$sii   =  $s0 + $rad 
$psdif =  $si - $sii 
; --- determine case --- 
    section 
      if $s33i > $sii then 
; --- s33 is major p.s. --- 
        $icase = 3 
        $s1    = $si 
        $s2    = $sii 
        $s3    = $s33i 
        exit section   231 
      end_if 
      if $s33i < $si then 
; --- s33 is minor p.s. --- 
        $icase = 2 
        $s1    = $s33i 
        $s2    = $si 
        $s3    = $sii 
        exit section 
      end_if 
; --- s33 is intermediate --- 
      $icase = 1 
      $s1    = $si 
      $s2    = $s33i 
      $s3    = $sii 
    end_section 
    section 
; --- shear yield criterion --- 
      $fs    = $s1 - $s3 * $anphi + m_csnp 
      $alams = 0.0 
; --- tensile yield criterion --- 
     $ft    = m_ten - $s3 
      $alamt = 0.0 
; --- tests for failure --- 
      if $ft < 0.0 then 
         $bisc = sqrt(1.0 + $anphi * $anphi) + $anphi 
         $pdiv = -$ft + ($s1 - $anphi * m_ten + m_csnp) * $bisc 
         if $pdiv < 0.0 then 
; ---      shear failure --- 
            $alams = $fs / $mx1 
            $s1 = $s1 - $alams * ($e1 - $e2 * $npsi) 
            $s2 = $s2 - $alams * $e2 * (1.0 - $npsi) 
            $s3 = $s3 - $alams * ($e2 - $e1 * $npsi) 
            m_ind = 1.0 
         else 
; ---      tension failure --- 
            $alamt = $ft / $e1 
            $tco= $alamt * $e2 
            $s1 = $s1 + $tco 
            $s2 = $s2 + $tco 
            $s3 = m_ten 
            m_ind = 3.0 
             m_ten = 0.0 
         end_if 
      else 
         if $fs < 0.0 then 
; ---      shear failure --- 
             $alams = $fs / $mx1 
             $s1 = $s1 - $alams * ($e1 - $e2 * $npsi) 
             $s2 = $s2 - $alams * $e2 * (1.0 - $npsi) 
             $s3 = $s3 - $alams * ($e2 - $e1 * $npsi)   232 
             m_ind = 1.0 
          else 
; ---      no failure --- 
            zs11 = $s11i 
            zs22 = $s22i 
            zs33 = $s33i 
            zs12 = $s12i 
            exit section 
         end_if 
      end_if 
; --- direction cosines --- 
      if $psdif = 0.0 then 
        $cs2   = 1.0 
        $si2   = 0.0 
      else 
        $cs2   = $sdif / $psdif 
        $si2   = 2.0 * $s12i / $psdif 
      end_if 
; --- resolve back to global axes --- 
      case_of  $icase 
        case 1 
          $dc2  = ($s1 - $s3) * $cs2 
          $dss  =  $s1 + $s3 
          zs11  = 0.5 * ($dss + $dc2) 
          zs22  = 0.5 * ($dss - $dc2) 
          zs12  = 0.5 * ($s1  - $s3) * $si2 
          zs33  = $s2 
        case 2             
          $dc2  = ($s2 - $s3) * $cs2 
          $dss  =  $s2 + $s3 
          zs11  = 0.5 * ($dss + $dc2) 
          zs22  = 0.5 * ($dss - $dc2) 
          zs12  = 0.5 * ($s2  - $s3) * $si2 
          zs33  = $s1 
        case 3 
          $dc2  = ($s1 - $s2) *$cs2 
          $dss  =  $s1 + $s2 
          zs11  = 0.5 * ($dss + $dc2) 
          zs22  = 0.5 * ($dss - $dc2) 
          zs12  = 0.5 * ($s1  - $s2) * $si2 
          zs33  = $s3 
      end_case 
      end_section 
; 
; ----------------------------------------------------------------------------------------------------  
; 
; Calculate Volumetric Strain Poissons Ratio 
; 
; ----------------------------------------------------------------------------------------------------    
;   233 
m_dvol = m_dvol + zde11 + zde22 + zde33 
if zsub > 0.0 then 
      m_vol = m_vol + m_dvol / zsub 
      m_dvol  = 0.0 
end_if 
; 
; ----------------------------------------------------------------------------------------------------  
; 
; Return Maximum Modulus 
; 
; ----------------------------------------------------------------------------------------------------    
; 
m_k = $tk 
m_g = $tg 
; 
cm_max = (m_k + 4.0 * m_g / 3.0) 
sm_max = m_g  
; 
; ----------------------------------------------------------------------------------------------------  
; 
; Update Variables for next call  
; 
; ----------------------------------------------------------------------------------------------------    
; 
m_dri = $drf 
m_gami = $m_gammaf  
$ri = $rf 
$f11 = $eh 
; 
; ----------------------------------------------------------------------------------------------------  
; 
; Monitoring variables  
; 
; ----------------------------------------------------------------------------------------------------    
; 
$ppp = (zs11+zs22+zs33)/(-3) 
$qqq = sqrt(1.5*(zs11*zs11+zs22*zs22+zs33*zs33)+3.0*zs12*zs12) 
; 
end 
set echo on   234 
Appendix F Flow chart of model operation 
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No 
E’h = E’h 
 
E’h = E’h 
 
∆εa n = ∆εa ext 
∆εa n = ∆εa comp 
∆εa  E’h 
δ∆εa 
E’h corrected 
Hooke’s Law Stress 
Calculation and Mohr-
Coulomb Failure Criterion 
∆εr n  ∆εv n  γn 
Input from 
‘.dat’ file 
Input from previous model step 
∆εa 
Outputs which become inputs to next cycle   235 
where the following notation is used: 
 
   
  A  Coefficient 
B  Coefficient 
C  Coefficient 
D  Coefficient 
DR  Relative density 
DR crit  Critical value of relative density for step change in radial strain 
E’h  Secant horizontal Young’s Modulus 
m1  Pre-critical change in hardening parameter 
m2  Post-critical change in hardening parameter 
Q  Coefficient 
R  Coefficient 
X  Coefficient 
Y  Coefficient 
 
∆εa  Total change in axial strain component 
∆εr  Total change in radial strain component 
∆εv  Total change in volumetric strain component 
δ∆εa  Step change in axial strain component 
δ∆εr  Step change in radial strain component 
γ  Value of hardening parameter  
 
 
in addition the following subscripts are used throughout: 
 
n   Current timestep 
n-1   Previous timestep 
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Appendix G Model of triaxial test used in FLAC 
 
;------------------------------------------------------------------------------------------------------- 
; Model of Xu triaxial test in FLAC – Version 2 
; 
; Invokes m_model developed for Granular Material 
; 
; J Banks – 10/06/07 (Update – Original 26/0111/07) 
; 
;------------------------------------------------------------------------------------------------------- 
;------------------------------------------------------------------------------------------------------- 
; 
; Set up model as axi-symmetric define properties and initial loading condition 
; 
;------------------------------------------------------------------------------------------------------- 
; 
; 
config axis 
g 1 1 
gen 0,0 0,4 1,4 1,0  
; 
; Title Test 
; 
tit 
Xu Triaxial Test (Cyclic) – Dense Sand 
; 
; Call model and define properties 
; 
call C:\documents and settings\ban39529\desktop\run\model.fis 
model m_model 
; 
prop  m_gami 70  
prop  m_Dri 70 
prop  density 2000  
; 
; Set Gravity 
; 
set grav 9.81 
; 
; Fix boundary conditions 
; 
fix y 
fix x 
; 
; Define initial loading condition (80kPa overburden) and ‘at rest’ stresses 
; 
ini syy -80000 
ini sxx -25000 szz -25000 
; 
;------------------------------------------------------------------------------------------------------   237 
; 
; Implement monitoring scheme 
; 
;------------------------------------------------------------------------------------------------------- 
; 
; 
def path 
  s1 = syy(1,1) 
  s2 = szz(1,1) 
  s3 = sxx(1,1) 
  sp = -(s1 + s2 + s3)/3.0 
  sq = sqrt(((s1-s2)*(s1-s2)+(s2-s3)*(s2-s3)+(s3-s1)*(s3-s1))*0.5) 
end 
; 
path 
; 
; gather history of variables every 5
th step 
; 
his nstep 10 
his path 
his sp 
his sq 
his sqq 
his s1 
his s2 
his s3 
his $rf 
his $poi 
his $m_gammaf 
his m_xstrain 
his $s11i 
his $s11ii 
his $s11iii 
; 
;------------------------------------------------------------------------------------------------------- 
; 
; Loop for modelling triaxial loading – applied as stepped displacement 
; Extension/displacement applied over 1000 steps and overburden reset after 20 
; 
;------------------------------------------------------------------------------------------------------ 
; 
def trip 
loop i (1,50) 
  command 
    ; 1 compression cycle 
      ; Part 1 
      ini xv -1e-6 
      ini syy -80000 
      step 20 
      ; Part 2   238 
      ini xv -1e-6 
      ini syy -80000 
      step 20 
      ; Part 3 
      ini xv -1e-6 
      ini syy -80000 
      step 20 
       
 
 This is repeated until the 50
th application 
 
 
      ; Part 49 
      ini xv -1e-6 
      ini syy -80000 
      step 20 
      ; Part 50 
      ini xv -1e-6 
      ini syy -80000 
      step 10    
    ; 2 Rest cycle 
      ; Part 1 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 2 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 3 
      ini xv 0 
      ini syy -80000 
      step 20 
       
 
 This is repeated until the 50
th application 
 
 
      ; Part 49 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 50 
      ini xv 0 
      ini syy -80000 
      step 20      
    ; 3 Extensive cycle 
      ; Part 1 
      ini xv 1e-6 
      ini syy -80000   239 
      step 20 
      ; Part 2 
      ini xv 1e-6 
      ini syy -80000 
      step 20 
      ; Part 3 
      ini xv 1e-6 
      ini syy -80000 
      step 20 
       
 
 This is repeated until the 50
th application  
 
 
      ; Part 49 
      ini xv 1e-6 
      ini syy -80000 
      step 20 
      ; Part 50 
      ini xv 1e-6 
      ini syy -80000 
      step 20    
    ; 4 Rest cycle 
      ; Part 1 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 2 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 3 
      ini xv 0 
      ini syy -80000 
      step 20 
       
 
 This is repeated until the 50
th application  
 
 
      ; Part 49 
      ini xv 0 
      ini syy -80000 
      step 20 
      ; Part 50 
      ini xv 0 
      ini syy -80000 
      step 20        
  end_command 
end_loop   240 
end 
; 
; Execute triaxial loading 
; 
trip 
; 
; Save final results and histories 
; 
save C:\documents and settings\ban39529\desktop\final.sav 
ret   241 
Appendix H Model of centrifuge abutment system 
implemented in FLAC 
 
;------------------------------------------------------------------------------------------------------- 
; Model of integral bridge abutment in FLAC – Version 4 
; 
; Invokes m_model developed for Granular Material 
; 
; J Banks – 17/01/08 (Update – Original 06/11/07) 
; 
;------------------------------------------------------------------------------------------------------- 
;------------------------------------------------------------------------------------------------------- 
; 
;  Set up model, run to equilibrium, install wall and run to equilibrium 
; 
;------------------------------------------------------------------------------------------------------- 
; 
; Generate Grid 
grid 24 24 
gen 0,0 0,4 1,4 1,0 i=1,3 j=1,25 
gen 1,0 1,4 2.5,4 2.5,0 i=3,8 j=1,25 
gen 2.5,0 2.5,4 12,4 12,0 i=8,25 j=1,25 
; 
; Call model and assign properties 
; 
call C:\documents and settings\ban39529\desktop\run\model.fis 
model m_model 
prop  m_gami 53  
prop  m_Dri 53  
prop  m_dvol 0 m_vol 0 
prop  density 1643 
; 
; Apply Boundary Conditions 
; 
fix y j 1 
fix x i 1 
fix x i 25 
; 
; Install initial stresses – based on ‘at rest’ stresses 
; 
ini syy -65e3 var 0 65e3 
ini sxx -32.5e3 var 0 32.5e3 
ini szz -26e3 var 0 26e3 
; 
; Set gravity 
; 
set grav 10 
;   242 
; Run to equilibrium – Limit = 1N 
; 
set large 
hist unbal 
solve force=10 
; 
; Remove ‘column’ of elements to create boundary 
; 
mod null i 2 
ini x add -0.5 i 3 25 
; 
; Install Abutment 
; Includes elements along bottom to join abutment too 
; 
struct beam begin 0.5,5 end 0.5,0 seg 16 prop 10 
struct beam begin 0,0 end 11.5,0 seg 11 prop 10 
struct prop 10 e 75e9 a 0.32 i 0.0273 dens 2700 
; 
; Fix bottom of abutment node (node 13) 
; Temporarily fix top node (node 1) to reach equilibrium 
; 
struct node = 1 fix x y  
struct node = 13 fix x y  
; 
; Fix nodes along bottom element 
; 
struct node = 15 fix x y  
struct node = 16 fix x y  
struct node = 17 fix x y  
struct node = 18 fix x y  
struct node = 19 fix x y  
struct node = 20 fix x y  
struct node = 21 fix x y  
struct node = 22 fix x y  
struct node = 23 fix x y  
struct node = 24 fix x y  
struct node = 25 fix x y  
; 
; Install the abutment/soil continuum interface 
; 
inter 1 as from node 17 to node 1 bs from 2,1 to 2,13 
inter 2 as from node 1 to node 17 bs from 3,13 to 3,1 
inter 1 fric 15 kn 1e8 ks 1e8 coh 0 tbond 0              ; ks = kn = 1e8  
inter 2 fric 15 kn 1e8 ks 1e8 coh 0 tbond 0              ; 
; 
attach aside from 2,1 to 2,13 bside from 3,1 to 3,13 
; 
; Set up history of wall forces etc monitoring 
; 
history node 1 xdisp xvel nforce ndisp   243 
history node 2 xdisp xvel nforce ndisp 
history node 3 xdisp xvel nforce ndisp 
history node 4 xdisp xvel nforce ndisp 
history node 5 xdisp xvel nforce ndisp 
history node 6 xdisp xvel nforce ndisp 
history node 7 xdisp xvel nforce ndisp 
history node 8 xdisp xvel nforce ndisp 
history node 9 xdisp xvel nforce ndisp 
history node 10 xdisp xvel nforce ndisp 
history node 11 xdisp xvel nforce ndisp 
history node 12 xdisp xvel nforce ndisp 
history node 13 xdisp xvel nforce ndisp 
history node 14 xdisp xvel nforce ndisp 
history node 15 xdisp xvel nforce ndisp 
history node 16 xdisp xvel nforce ndisp 
; 
; Step to equilibrium and plot equilibrium stresses 
; 
solve force=1 
plot hold sxx fill 
; 
;------------------------------------------------------------------------------------------------------ 
; 
; Implement monitoring scheme 
; 
;------------------------------------------------------------------------------------------------------ 
; 
; Set up monitoring of variables for element adjacent to abutment and at locations 
; 
def xpath 
   s1 = sxx(3,2) 
   s2 = sxx(3,3)  
   s3 = sxx(3,4) 
   s4 = sxx(3,5) 
   s5 = sxx(3,6) 
   s6 = sxx(3,7) 
   s7 = sxx(3,8) 
   s8 = sxx(3,9) 
   s9 = sxx(3,10) 
   s10 = sxx(3,11) 
end 
; 
his xdisp i 3 j 2 
his xdisp i 3 j 4 
his xdisp i 3 j 5 
his xdisp i 3 j 6 
his xdisp i 3 j 7 
his xdisp i 3 j 8 
his xdisp i 3 j 9 
his xdisp i 3 j 10   244 
his xdisp i 3 j 11 
; 
his xdisp i 4 j 4 
his xdisp i 4 j 6 
his xdisp i 4 j 8 
his xdisp i 4 j 11 
; 
his xdisp i 5 j 4 
his xdisp i 5 j 6 
his xdisp i 5 j 8 
his xdisp i 5 j 11 
; 
def ypath 
  yy1 = syy(3,2) 
  yy2 = syy(3,3) 
  yy3 = syy(3,4) 
  yy4 = syy(3,5) 
  yy5 = syy(3,6) 
  yy6 = syy(3,7) 
  yy7 = syy(3,8) 
  yy8 = syy(3,9) 
  yy9 = syy(3,10) 
  yy10 = syy(3,11) 
end 
; 
def xypath 
   xy1 = sxy(3,2) 
   xy2 = sxy(3,3)  
   xy3 = sxy(3,4) 
   xy4 = sxy(3,5) 
   xy5 = sxy(3,6) 
   xy6 = sxy(3,7) 
   xy7 = sxy(3,8) 
   xy8 = sxy(3,9) 
   xy9 = sxy(3,10) 
   xy10 = sxy(3,11) 
end 
; 
def locations 
   l11 = sxx(5,12) 
   l12 = syy(5,12) 
   l13 = sxy(5,12) 
   l21 = sxx(10,11) 
   l22 = syy(10,11) 
   l23 = sxy(10,11) 
   l31 = sxx(6,7) 
   l32 = syy(6,7) 
   l33 = sxy(6,7) 
   l41 = sxx(10,7) 
   l42 = syy(10,7)   245 
   l43 = sxy(10,7) 
   l51 = sxx(11,2) 
   l52 = syy(11,2) 
   l53 = sxy(11,2) 
end 
; 
; Execute monitoring 
; 
locations 
xpath 
ypath 
xypath 
; 
;  
; 
his nstep 1 
his xpath 
his ypath 
his xypath 
his Ko 
his s1 
his s2 
his s3 
his s4 
his s5 
his s6 
his s7 
his s8 
his s9 
his s10 
; 
his yy1 
his yy2 
his yy3 
his yy4 
his yy5 
his yy6 
his yy7 
his yy8 
his yy9 
his yy10 
his xy1 
his xy2 
his xy3 
his xy4 
his xy5 
his xy6 
his xy7 
his xy8 
his xy9   246 
his xy10 
his locations 
his l11 
his l12 
his l13 
his l21 
his l22 
his l23 
his l31 
his l32 
his l33 
his l41 
his l42 
his l43 
his l51 
his l52 
his l53 
; 
;------------------------------------------------------------------------------------------------------- 
; 
; Loop for modelling deck displacement – defined as trip1 
; 
;------------------------------------------------------------------------------------------------------ 
; 
def trip1 
   loop i (1,100) 
   command 
    struct node 4 fix x ini xvel 12.5e-5              
    step 200 
    struct node 4 fix x ini xvel -12.5e-5        
    step 200 
    struct node 4 fix x fix x ini xvel -12.5e-5        
   step 200 
    struct node 4 fix x ini xvel 12.5e-5         
    step 200 
  end_command 
 end_loop 
end 
; 
; Execute loop 
; 
trip1 
; 
; Plot 
; 
plot hold xdis fill zero inv disp struct mom 
plot hold sxx fill 
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Appendix I Calculation of abutment displacement for a 
1 – year return period 
 
This appendix details the calculation used to determine the abutment displacement for a 
bridge deck span of 40m. 
 
Assuming a typical concrete beam and slab bridge based in the Greater London Area. 
Using BD37/01 (Highways Agency, 2001b): 
 
Figure 7:  Minimum Shade Air Temperature: -12°C   (120-year return period) 
Figure 8:  Maximum Shade Air Temperature: 38°C   (120-year return period) 
 
Figure 9:  Concrete Slab on Concrete Beam: Group 4 Structure 
 
Table 10:  Minimum EBT:  -7°C 
Table 11:  Maximum EBT:  37°C 
 
where EBT is Effective Bridge Temperature. Therefore, the range of EBT for a 120-
year return period is 44°C. 
 
Using BA42/96 (Highways Agency, 2000a) 
 
Coefficient of thermal expansion for a concrete deck is 0.000012/°C 
 
Using equation (3.1) 
 
  ∆L = Lo × α × ∆T                (I.1) 
 
where:   ∆L   Change in length of deck 
    Lo   Original length of deck 
α  Coefficient of thermal expansion of for a concrete deck 
∆T  Change in EBT for the structure 
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Therefore the displacement at an abutment can be calculated as: 
 
d = ∆L/2 = 0.5 × Lo × α × ∆T 
 
So for a 40m bridge: 
 
d = 0.5 × 40 × 0.000012 × 44 = 10.6mm 
 
Figure 3 of Emerson (1976a) is an extract from Hopkins and Whyte (1975), which 
allows the following correction factors to be derived, where RP is the return period 
under consideration: 
 
1.9445   -   0.0398(RP)     ) -0.0001(RP
2
max + = Correction  
2.1193   -   (RP) 0.0469x      ) -0.0001(RP
2
min + = Correction  
 
So again using Figures 7 and 8 of BD37/01, this time in conjunction with the return 
period correction: 
 
Minimum Shade Air Temperature: -9°C   (1-year return period) 
Maximum Shade Air Temperature: 35°C   (1-year return period) 
 
Figure 9:  Concrete Slab on Concrete Beam: Group 4 Structure 
 
Table 10:  Minimum EBT:  -5°C 
Table 11:  Maximum EBT:  35°C 
 
Therefore the displacement at an abutment can be calculated as: 
 
d = ∆L/2 = 0.5 × Lo × α × ∆T 
 
So for a 40m bridge: 
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d = 0.5 × 40 × 0.000012 × 40 = 9.6mm 
 
This allows Table I.1 to be developed: 
 
Table I.1 – Abutment Displacement for varying bridge lengths based on 1 and 120-
year return periods 
 
Abutment Displacement  Expanding 
Length   1-Year Return Period  120- Year Return Period 
15 m  3.6 mm  4.0 mm 
40 m  9.6 mm  10.6 mm 
60 m  14.5 mm  15.9 mm 
100 m  24.1 mm  26.5 mm 
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